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Abstract. We present a timed extension of the classical finite state
machines model where time is introduced in two ways. On the one hand,
timeouts can be specified, that is, we can express that if an input action
is not received before a fix amount of time then the machine will change
its state. On the other hand, we can associate time with the performance
of actions. In this case, time will be given by means of random variables.
Intuitively, we will not have conditions such as “the action a takes t
time units to be performed” but conditions such as “the action a will be
completed before time t with probability p.” In addition to introducing
the new language, we present several conformance relations to relate
implementations and specifications that are defined in terms of our new
notion of stochastic finite state machine.

1

Introduction

Formal analysis techniques rely on the idea of constructing a formal model that
represents the critical aspects of the system under study. These models, simpler
and more handleable than the original system, allow to perform a systematic
analysis that would be harder, or ever impossible, in the system. For example,
the model can be formally manipulated to find out whether a given property
holds (for instance, by using model checking [CGP00]). The model can be also
used to define the specification of a system being constructed. Then, we can
check its correctness with respect to the specification by comparing its empirical behavior with that of the model (for instance, by using formal testing
techniques [BU91,LY96]). In order to use a formal technique, we need that the
systems under study can be expressed in terms of a formal language. These
languages became more sophisticated as they provided more expressivity capabilities. The first languages represented only the functional behavior of systems
(i.e., what must or must not be done). Then, a new generation of languages allowed to explicitly represent non-functional aspects of systems (the probability
of performing a certain task [GSS95,CDSY99,SV03,CCV+ 03,Núñ03,LNR06], the
⋆
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time consumed by the system while performing tasks, being it either given by
fix amounts of time [RR88,NS91,HR95] or defined in probabilistic/stochastic
terms [Hil96,BG98,Her98,LN01,BG02], the dependence of the system on the
available resources [BL97,NR01,CdAHS03], etc).
A suitable representation of the temporal behavior is critical for constructing
useful models of real-time systems. A language to represent these systems should
enable the definition of temporal conditions that may direct the system behavior, as well as the time consumed by the execution of tasks. Moreover, global
temporal requirements should be easily extracted from the requirements of each
activity in the system. We can split the time consumed during the execution of
a system into the following categories:
(a) The system consumes time while it performs its tasks.
(b) The time passes while the system waits for a reaction from the environment.
In particular, the system can change its internal state if an interaction is not
received before a certain amount of time.
A language focusing on temporal issues should allow models to explicitly define
how the time of type (a) is consumed. Besides, it should allow to define how the
system behavior is affected by both types of temporal aspects (e.g., a task is
performed if executing the previous task took too much time, if the environment
did not react for a long time, if the addition of both times exceeded a given
threshold, etc). Finally, the twofold relation between functional activities and
temporal aspects should be defined so that they influence each other in an easy
way.
In this paper we present a formalism, based on finite state machines, allowing
to take into account the subtle temporal aspects considered before. Even though
there exists a myriad of timed extensions of classical frameworks, this number is
not so big in the framework of finite state machines. Moreover, when considering
that time is stochastically defined, there are almost no proposals ([NR03] is an
exception). Besides, most approaches specialize only in one of the previous variants: Time is either associated with actions or associated with delays/timeouts.
Our formalism allows to specify in a natural way both time aspects. In our
framework, timeouts are specified by using fix amounts of time. In contrast, the
duration of actions will be given by random variables. That is, instead of having expressions such as “the action o takes t units of time to be performed” we
will have expressions such as “with probability p the action o will be performed
before t units of time”. We will consider a suitable extension of finite state machines where (stochastic) time information is included. Intuitively, transitions in
finite state machines indicate that if the machine is in a state s and receives and
input i then it will produce and output o and it will change its state to s′ . An
i/o

appropriate notation for such a transition could be s −→ s′ . If we consider a
i/o

timed extension of finite state machines, transitions as s −
−−−→ t s′ indicate that
the time between receiving the input i and returning the output o is equal to
t. In the new model that we introduce in this paper for stochastic transitions,
we will consider that the time consumed between the input is applied and the

output is received is given by a random variable ξ. Thus the interpretation of a
i/o

transition s −
−−−→ ξ s′ is “if the machine is in state s and receives an input i then
it will produce the output o before time t with probability P (ξ ≤ t) and it will
change its state to s′ ”. The definition of conformance testing relations is more
difficult than usually. In particular, even in the absence of non-determinism,
the same sequence of actions may take different time values to be performed
in different runs of the system. While the definition of the new language is not
difficult, mixing these temporal requirements strongly complicates the posterior
theoretical analysis.
We propose several stochastic-temporal conformance relations: An implementation is correct with respect to a specification if it does not show any behavior
that is forbidden by the specification, where both the functional behavior and the
temporal behavior are considered (and, implicitly, how they affect each other).
From the functional point of view, the idea underlying the definition of the
conformance relations is that the implementation does not invent anything for
those sequences of inputs that are specified in the specification. Moreover, regarding functional conformance we have to consider not only that the sequences of
inputs/outpus produced by the implementation must be considered in the specification. We also have to take into account the possible timeouts. For example, a
sequence of inputs/outputs could be accepted after different timeouts have been
triggered, and not in the case of other combinations. Regarding stochastic-time,
we might require that any trace of the specification that can be performed by
the implementation must have the same associated delay, that is, an identically
distributed random variable. Even though this is a very reasonable notion to
define conformance, if we assume a black-box testing framework then we cannot
check whether the corresponding random variables are identically distributed.
In fact, we would need an infinite number of observations from a random variable of the implementation (with an unknown distribution) to assure that this
random variable is distributed as another random variable from the specification
(with a known distribution). Thus, we have to give more realistic implementation relations based on a finite set of observations. The idea will be to check
that for any trace observed in the implementation that can be performed by the
specification, the observed execution times fit the random variable indicated by
the specification. This notion of fitting will be given by means of a hypothesis
contrast.
In terms of related work, a lot of formalisms have been proposed to describe
the temporal behavior of systems. If we restrict ourselves to time values given
by fix amounts, instead of using random variables, our formalism is as expressive as the most popular one: Timed automata [AD94]. Thus, our formalism can
compare in terms of expressivity with stochastic extensions of timed automata
(e.g. [DK05]). However, our way to deal with time is different. As we said before,
we can associate time with the performance of actions while timeouts can be easily represented as fix amounts of time. These features do not only improve the
modularity of models, but they are also suitable for clearly identifying IUT requirements and responsibilities in a testing methodology. Besides, the formalism

underlying our language is not based on automata but on finite state machines
(i.e., Mealy machines), which have been extensively used by the formal testing
community. Regarding testing of temporal requirements, there exist several proposals (e.g., [CL97,HNTC99,SVD01,NR03,ED03]) but most of them, with the
exception of our previous work, are based on timed automata.
The rest of the paper is structured as follows. In the next section we introduce our notion of stochastic finite state machine. In Section 3 we introduce an
implementation relation that takes into account only functional aspects, that is,
which actions can be performed and how timeouts are specified. This notion is
extended in Section 4 to cope with performance time of actions. In Section 5 we
present our conclusions and some lines for future work. Finally, in the appendix
of the paper, we show how hypothesis contrasts can be performed.

2

A stochastic extension of the EFSM model

In this section we introduce our notion of finite state machines with stochastic
time. We use random variables to model the (stochastic) time output actions
take to be executed. Thus, we need to introduce some basic concepts on random
variables. We will consider that the sample space, that is, the domain of random
variables, is a set of numeric time values Time. Since this is a generic time domain, the specifier can choose whether the system will use a discrete/continuous
time domain. We simply assume that 0 ∈ Time. Regarding passing of time, we
will also consider that machines can evolve by raising timeouts. Intuitively, if
after a given time, depending on the current state, we do not receive any input
action then the machine will change its current state.
During the rest of the paper we will use the following notation. Tuples of
elements (e1 , e2 . . . , en ) will be denoted by ē. â denotes an interval of elements
[a1 , a2 ), with a1 , a2 ∈ Time and a1 < a2 . We will use the projection function πi
such that given a tuple t̄ = (t1 , . . . , tn ), for all 1 ≤ i ≤ n we have πi (t̄) = ti .
Let t̄ = (t1 , . . . , tn ) and t̄′ = (t′1 , . . . , t′n ). We write t̄ = t̄′ if for all 1 ≤ j ≤ n
we have tjP= t′j . We write t̄ ≤ t̄′ if for all 1 ≤ j ≤ n we have tj ≤ t′j . We
denote by
t̄ the addition of all the elements belonging to the tuple t̄, that is,
P
n
t
.
The
number of elements of the tuple will be represented by |t̄|. Finally,
j
j=1
if t̄ = (t1 . . . tn ), p̄ = (tˆ1 . . . tˆn ) and for all 1 ≤ j ≤ n we have tj ∈ tˆj , we write
t̄ ∈ p̄.
Definition 1. We denote by V the set of random variables (ξ, ψ, . . . range over
V). Let ξ be a random variable. We define its probability distribution function as
the function Fξ : Time −→ [0, 1] such that Fξ (x) = P (ξ ≤ x), where P (ξ ≤ x)
is the probability that ξ assumes values less than or equal to x.
Given two random variables ξ and ψ we consider that ξ +ψ denotes a random
variable distributed as the addition of the two random variables ξ and ψ. We
will call sample to any multiset of elements belonging to Time. We denote the set
of multisets in Time by ℘(Time). Let ξ be a random variable and J be a sample.
We denote by γ(ξ, J) the confidence of ξ on J.
⊓
⊔

In the previous definition, a sample simply contains an observation of values.
In our setting, samples will be associated with the time values that implementations take to perform sequences of actions. We have that γ(ξ, J) takes values in
the interval [0, 1]. Intuitively, bigger values of γ(ξ, J) indicate that the observed
sample J is more likely to be produced by the random variable ξ. That is, this
function decides how similar the probability distribution function generated by
J and the one corresponding to the random variable ξ are. In the appendix
of this paper we show one of the possibilities to formally define the notion of
confidence by means of a hypothesis contrast.
Definition 2. A Stochastic Finite State Machine, in short SFSM, is a tuple
M = (S, I, O, δ, T O, sin ) where S is the set of states, with sin ∈ S being the
initial state, I and O denote the sets of input and output actions, respectively,
δ is the set of transitions, and T O : S −→ S × (Time ∪ {∞}) is the timeout function. Each transition belonging to δ is a tuple (s, i, o, ξ, s′ ) where s, s′ ∈ S are the
initial and final states, i ∈ I and o ∈ O are the input and output actions, and
ξ ∈ V is the random variable defining the time associated with the transition.
Let M = (S, I, O, δ, T O, sin ) be a SFSM. We say that M is input-enabled if
for all state s ∈ S and input i ∈ I there exist s′ , o, ξ, such that (s, i, o, ξ, s′ ) ∈ δ.
We say that M is deterministically observable if for all s, i, o there do not exist
two different transitions (s, i, o, ξ1 , s1 ), (s, i, o, ξ2 , s2 ) ∈ δ.
⊓
⊔
Intuitively, a transition (s, i, o, ξ, s′ ) indicates that if the machine is in state s
and receives the input i then the machine emits the output o before time t with
probability Fξ (t) and the machine changes its current state to s′ . Let us remark
that non-deterministic choices will be resolved before the timers indicated by
random variables start counting, that is, we follow a pre-selection policy. Thus,
if we have several transitions, outgoing from a state s, associated with the same
input i, and the system receives this input, then the system at time 0 nondeterministically chooses which one of them to perform. So, we do not have
a race between the different timers to decide which one is faster. In order to
avoid side-effects, we will assume that all the random variables appearing in the
definition of a SFSM are independent. Let us note that this condition does not
restrict the distributions to be used. In particular, there can be random variables
identically distributed even though they are independent.
For each state s ∈ S, the application of the timeout function T O(s) returns a
pair (s′ , t) indicating the time that the machine can remain at the state s waiting
for an input action and the state to which the machine evolves if no input is
received on time. We indicate the absence of a timeout in a given state by setting
the corresponding time value to ∞. In addition, we assume that T O(s) = (s′ , t)
implies s 6= s′ , that is, timeouts always produce a change of the state. In fact, let
us note that a definition such as T O(s) = (s, t) is equivalent to set the timeout
for the state s to infinite.
Regarding the notion of deterministically observable, it is worth to point out
that it is different from the more restricted notion of deterministic finite state
machine. In particular, we allow transitions from the same state labelled by the

M1′

M1
i2 /o1

i2 /o1 , ξ1

1

i1 /o2

i1 /o1

2

M2
i2 /o1

1

i1 /o2 , ξ3

3

2

i1 /o1 , ξ2

i2 /o2

1

i1 /o2

i2 /o1

M3

i1 /o1

2

1

i1 /o1

i2 /o3 i2 /o2

i1 /o1

2

i1 /o1

Fig. 1. Examples of (Stochastic) Finite State Machines.

same input action, as far as the outputs are different. Let us remark that both
the concept of deterministically observable and input-enabled are independent
of the stochastic information appearing in SFSMs.
Example 1. Let us consider the finite state machines M1 , M2 , and M3 depicted
in Figure 1. In order to transform these machines into stochastic finite state machines, we simply need to add random variables to all the transitions and timeouts to all the states. We assume that absent timeouts correspond to timeouts
having ∞ as parameter. For example, if we transform M1 into a stochastic state
machine we obtain M1′ . Then we have M1′ = ({1, 2}, {i1, i2 }, {o1 , o2 }, δ, T O, 1)
where the set of transitions δ is given by:
δ = {(1, i2 , o1 , ξ1 , 1), (1, i1 , o1 , ξ2 , 2), (2, i1 , o2 , ξ3 , 1)}
In order to complete our specification of M1′ we need to say how random variables
are distributed. Let us suppose the following distributions:

 0 if x ≤ 0
Fξ1 (x) = x3 if 0 < x < 3

1 if x ≥ 3

0 if x < 4
Fξ2 (x) =
1 if x ≥ 4

1 − e−3·x if x ≥ 0
Fξ3 (x) =
0
if x < 0
We say that ξ1 is uniformly distributed in the interval [0, 3]. Uniform distributions allow us to keep compatibility with time intervals in (non-stochastic) timed
models in the sense that the same weight is assigned to all the times in the interval. We say that ξ2 is a Dirac distribution in 4. The idea is that the corresponding
delay will be equal to 4 time units. Dirac distributions allow us to simulate deterministic delays appearing in timed models. We say that ξ3 is exponentially

distributed with parameter 3. Let us consider the transition (1, i2 , o1 , ξ1 , 1). Intuitively, if M1′ is in state 1 and it receives the input i2 then it will produce the
output o2 after a delay given by ξ1 . For example, we know that this delay will
be less than 1 unit of time with probability 13 , it will be less than 1.5 units of
time with probability 12 , and so on. Finally, once 3 units of time has passed we
know that the output o1 has been performed (that is, we have probability 1).
Regarding the timeout function, we have T O(1) = (2, ∞) and T O(2) = (1, 3).
In this case, if the machine is in state 2 and no input is received before 3 units
of time then the state is changed to 1.
Regarding the notions of input-enabled and deterministically observable, the
first property does not hold in M1 (there is no outgoing transition labelled by i2
from the state 2) while the second one does. We have that M3 fulfills the first of
the properties but not the second one (there are two transitions from the state
2 labelled by i1 /o1 ). Finally, both properties hold for M2 .
⊓
⊔
Definition 3. Let M = (S, I, O, δ, T O, sin ) be a SFSM. We say that a tuple
(s0 , s, i/o, t̂, ξ) is a step for the hstate s0 of M if there exist k states s1
, . . . , sk ∈ S,
Pk−1
Pk
with k ≥ 0, such that t̂ =
π
(T
O(s
)),
π
(T
O(s
))
and there
j
j
j=0 2
j=0 2
exists a transition (sk , i, o, ξ, s) ∈ δ.
We say that (t̂1 /i1 /ξ1 /o1 , . . . , t̂r /ir /ξr /or ) is a stochastic evolution of M if
there exist r steps of M (sin , s1 , i1 /o1 , t̂1 , ξ1 ), . . . , (sr−1 , sr , ir /or , t̂r , ξr ) for the
states sin . . . sr−1 , respectively. We denote by SEvol(M ) the set of stochastic
evolutions of M . In addition, we say that (t̂1 /i1 /o1 , . . . , t̂r /ir /or ) is a functional
evolution of M . We denote by FEvol(M ) the set of functional evolutions of M .
¯ to denote a functional and a
We will use the shortenings (σ, p̄) and (σ, p̄, ξ)
stochastic evolution, respectively, where σ = (i1 /o1 . . . ir /or ), p̄ = (tˆ1 . . . tˆr ) and
ξ¯ = (ξ1 . . . ξr ).
⊓
⊔
Intuitively, a step is a sequence of transitions that contains an action transition preceded by zero or more timeouts. The interval t̂ indicates the time
values where the transition could be performed. In particular, if the sequence of
timeouts is empty then we have the interval t̂ = [0, T O(s0 )). An evolution is a
sequence of inputs/outputs corresponding to the transitions of a chain of steps,
where the first one begins with the initial state of the machine. In addition,
stochastic evolutions also include time information which inform us about possible timeouts (indicated by the intervals t̂j ) and random variables associated to
the execution of each output after receiving each input in each step of the evolution. In the following definition we introduce the concept of instanced evolution.
Intuitively, instanced evolutions are constructed from evolutions by instantiating
to a concrete value each timeout, given by an interval, of the evolution.
Definition 4. Let M = (S, I, O, δ, T O, sin ) be a SFSM and let us consider a
stochastic evolution e = (t̂1 /i1 /ξ1 /o1 , . . . , t̂r /ir /ξr /or ). We say that the tuple
(t1 /i1 /ξ1 /o1 , . . . , tr /ir /ξr /or ) is an instanced stochastic evolution of e if for all
1 ≤ j ≤ r we have tj ∈ t̂j . Besides, we say that the tuple (t1 /i1 /o1 , . . . , tr /ir /or )
is an instanced functional evolution of e.

We denote by InsSEvol(M ) the set of instanced stochastic evolutions of M
and by InsFEvol(M ) the set of instanced functional evolutions of M .
⊓
⊔

3

A first Implementation Relation

In this section we introduce an implementation relation to deal with functional
aspects. It follows the pattern borrowed from confnt [NR02]: An implementation
I conforms to a specification S if for all possible evolution of S the outputs
that the implementation I may perform after a given input are a subset of
those for the specification. In addition to the non-stochastic conformance of
the implementation, we require other additional conditions, related to time, to
hold. Specifically, we require that the implementation always complies with the
timeouts established by the specification.
Next, we fix the sets of specifications and implementations. A specification is
a stochastic finite state machine. Regarding implementations, we consider that
they are also given by means of SFSMs. We will consider that both specifications
and implementations are given by deterministically observable SFSMs. That is, we
do not allow a machine to have two different transitions such as (s, i, o, ξ1 , s′ ) and
(s, i, o, ξ2 , s′′ ). Let us note that we do not restrict observable non-determinism,
that is, we may have the transitions (s, i, o1 , ξ1 , s1 ) and (s, i, o2 , ξ2 , s2 , ) as far as
o1 6= o2 . Besides, we assume that input actions are always enabled in any state
of the implementation, that is, implementations are input-enabled according to
Definition 2. This is a usual condition to assure that the implementation will
react (somehow) to any input appearing in the specification.
First, we introduce the implementation relation conff , where only functional
aspects of the system (i.e., which outputs are allowed/forbidden and how timeouts are defined) are considered while the performance of the system (i.e., how
fast outputs are executed) is ignored. Let us note that the time spent by a system
waiting for the environment to react has the capability of affecting the set of
available outputs of the system. This is because this time may trigger a change
of the state. So, a relation focusing on functional aspects must explicitly take
into account the maximal time the system may stay in each state. This time is
given by the timeout of each state.
Definition 5. Let S and I be SFSMs. We say that I functionally conforms to
S, denoted by I conff S, if for each functional evolution e ∈ FEvol(S), with
e = (t̂1 /i1 /o1 , . . . , t̂r /ir /or ) and r ≥ 1, we have that for all t1 ∈ t̂1 , . . . , tr ∈ t̂r
and o′r
e′ = (t1 /i1 /o1 , . . . , tr /ir /o′r ) ∈ InsFEvol(I) implies e′ ∈ InsFEvol(S)
⊓
⊔
Intuitively, the idea underlying the definition of the functional conformance
relation I conff S is that the implementation I does not invent anything for
those sequences of inputs that are specified in the specification S. Let us note

that if the specification has also the property of input-enabled then we may
remove the condition “for each functional evolution e ∈ FEvol(S), with e =
(t̂t1 /i1 /o1 , . . . , t̂tr /ir /or ) and r ≥ 1”.
In addition to requiring this notion of functional conformance, we have to
ask for some conditions on delays. As indicated in the introduction, a first approach would be to require that the random variables associated with evolutions
of the implementation are identically distributed as the ones corresponding to
the specification. However, the fact that we assume a black-box testing framework disallows us to check whether these random variables are indeed identically
distributed. Thus, we have to give more realistic implementation relations based
on finite sets of observations. Next, we present implementation relations that are
less accurate but that are checkable.

4

Implementation Relations based on Samples

In the previous section we discussed how an appropriate implementation relation
can be defined. Unfortunately, this notion is useful only from a theoretical point
of view. In this section we introduce implementation relations that take into
account the observations that we may get from the implementation. We will
collect a sample of time values and we will compare this sample with the random
variables appearing in the specification. By comparison we mean that we will
apply a contrast to decide, with a certain confidence, whether the sample could
be generated by the corresponding random variable.
Definition 6. Let I be a SFSM. We say that (σ, t̄, t̄′ ), with σ = i1 /o1 , . . . , in /on ,
t̄ = (t1 . . . tn ), and t̄′ = (t′1 . . . t′n ), is an observed time execution of I, or simply
time execution, if the observation of I shows that for all 1 ≤ j ≤ n we have that
the time elapsed between the acceptance of the input ij and the observation of
the output oj is t′j units of time, being the input ij accepted tj units of time
after the last output was observed.
Let Φ = {(σ1 , p̄1 ), . . . , (σm , p̄n )} where for all 1 ≤ j ≤ n we have p̄j =
(tˆ1 . . . tˆn ), and let H = {|(σ1′ , t̄1 , t̄′1 ), . . . , (σn′ , t̄n , t̄′n )|} be a multiset of timed executions. We say that Samplingk(H,Φ) : Φ −→ ℘(Time) is a k-sampling application
of H for Φ if Samplingk(H,Φ) (σ, p̄) = {|πk (t̄′ ) | (σ, t̄, t̄′ ) ∈ H ∧ |σ| ≥ k ∧ t̄ ∈ p̄|},
for all (σ, p̄) ∈ Φ. We say that Sampling(H,Φ) : ΦP−→ ℘(Time) is a sampling
application of H for Φ if Sampling(H,Φ) (σ, p̄)) = {| t̄′ | (σ, t̄, t̄′ ) ∈ H ∧ t̄ ∈ p̄|},
for all (σ, p̄) ∈ Φ.
⊓
⊔
Regarding the definition of k-sampling applications, we just associate with
each subtrace of length k the observed time of each transition of the execution
at length k. In the definition of sampling applications, we assign to each trace
the total observed time corresponding to the whole execution.
Definition 7. Let I and S be SFSMs, H be a multiset of timed executions of I,
0 ≤ α ≤ 1, Φ = FEvol(S), and let us consider Sampling(H,Φ) and Samplingk(H,Φ) ,
for all 1 ≤ k ≤ max{|σ| | (σ, p̄) ∈ Φ}.

We say that I (α, H)−strong stochastically conforms to S, and we denote it
(α,H)
by I confss
S, if I conff S and for all (σ, t̄, t̄′ ) ∈ H we have
∃(σ, p̄, ξ̄) ∈ SEvol(S) : t̄ ∈ p̄
⇓
¯ Samplingj
∀ 1 ≤ j ≤ |σ| : γ(πj (ξ),
(H,Φ) (σ, p̄)) > α
We say that I (α, H)−weak stochastically conforms to S, and we denote it
(α,H)
by I confsw
S, if I conff S and for all (σ, t̄, t̄′ ) ∈ H we have
∃(σ, p̄, ξ̄) ∈ SEvol(S) : t̄ ∈ p̄
⇓


|σ|
X
¯ Sampling
>α
γ  πj (ξ),
(H,Φ) (σ, p̄)
j=1

⊓
⊔

The idea underlying the new relations is that the implementation must conform to the specification in the usual way (that is, I conff S). Besides, for all
observation of the implementation that can be performed by the specification,
the observed execution time values fit the random variable indicated by the
specification. This notion of fitting is given by the function γ that it is formally
defined in the appendix of this paper. While the weak notion only compares the
total time, the strong notion checks that the time values are appropiate for each
performed output. A first direct result says that if we decrease the confidence
level then we keep conformance.
(α ,H)

Lemma 1. Let I and S be SFSMs. If I confss 1
S and α2 < α1 then we have
(α ,H)
(α ,H)
(α ,H)
I confss 2
S. If I confsw 1
S and α2 < α1 then we have I confsw 2
S.
⊓
⊔
The next result, whose proof is straightforward, states that if we have two
samples sharing some properties then our conformance relations give the same
result for both of them.
Lemma 2. Let I and S be SFSMs, H1 and H2 be multisets of timed executions
for I, and let bi = {|(σ, t̄, t̄′ )|(σ, t̄, t̄′ ) ∈ Hi ∧ (σ, t̄) ∈ InsFEvol(I)∩InsFEvol(S)|},
(α,H )
(α,H )
for i ∈ {1, 2}. If b1 = b2 then we have I confss 1 S iff I confss 2 S. Similarly,
(α,H )
(α,H )
if b1 = b2 then we have I confsw 1 S iff I confsw 2 S.
⊓
⊔
(α,H)

Lemma 3. Let I and S be SFSMs. We have I confss

(α,H)

S implies I confsw

S.
⊓
⊔

Next we present different variations of the previous implementation relation.
First, we define the concept of shifting a random variable with respect to its
mean. For example, let us consider a random variable ξ following a Dirac distribution in 4 (see Example 1 for the formal definition). If we consider a new
random variable ξ ′ following a Dirac distribution in 3, we say that ξ ′ represents
a shift of ξ. Moreover, we also say that ξ and ξ ′ belong to the same family.

Definition 8. We say that ξ ′ is a mean shift of ξ with mean M ′ , and we denote
it by ξ ′ = MShift(ξ, M ′ ), if ξ, ξ ′ belong to the same family and the mean of ξ ′ ,
denoted by µξ′ , is equal to M ′ .
Let I and S be SFSMs, H be a multiset of timed executions of I, 0 ≤ α ≤ 1,
Φ = FEvol(S), and let us consider Sampling(H,Φ) and Samplingk(H,Φ) for all
1 ≤ k ≤ max{|σ| | (σ, p̄) ∈ Φ}. We say that I (α, H)−strongly stochastically
(α,H)
conforms to S with speed π, denoted by Iconfmsπ S, if I conff S and for all
′
(σ, t̄, t̄ ) ∈ H we have
¯ ∈ SEvol(S) : t̄ ∈ p̄
∃ (σ, p̄, ξ)
⇓
∀ 1 ≤ j ≤ |σ| : γ(MShift(πj (ξ), µπj (ξ) · π), Samplingj(H,Φ) (σ, p̄)) > α
We say that I (α, H)−weakly stochastically conforms to S with speed π, de(α,H)
noted by Iconfmwπ S, if I conff S and for all (σ, t̄, t̄′ ) ∈ H we have
¯ ∈ SEvol(S) : t̄ ∈ p̄
∃ (σ, p̄, ξ)
⇓
γ(MShift(ξ, µξ · π), Sampling(H,Φ) (σ, p̄)) > α
where we have considered ξ =

|σ|
X

¯
πj (ξ).

⊓
⊔

j=1

An interesting remark regarding these new relations is that when α is small
enough and/or π is close enough to 1, then it may happen that we have both
(α,H)
(α,H)
(α,H)
I confss
S and Iconfmsπ S, and similarly for the case of I confsw
S and
(α,H)
Iconfmwπ S. Nevertheless, it is enough to increase α, as far as π 6= 1, so that
we do not have both results strong/weak conformance notions simultaneously.
Let us note that in the previous definition, a value of π greater than 1 indicates
that the new delay is slower. This observation induces the following relation.
Definition 9. Let I and S be SFSMs. Let H be a multiset of timed executions of
I. We say that I is strong-generally faster (respectively strong-generally slower)
than S for H if there exist 0 ≤ α ≤ 1 and 0 < π < 1 (respectively π > 1) such
(α,H)
(α,H)
that Iconfmsπ S but I confss
S does not hold. We say that I is weakgenerally faster (respectively weak-generally slower) than S for H if there exist
(α,H)
0 ≤ α ≤ 1 and 0 < π < 1 (respectively π > 1) such that Iconfmwπ S but
(α,H)
I confsw
S does not hold.
⊓
⊔
Given the fact that, in our framework, an implementation could fit better to
a specification with higher or lower speed, it will be interesting to detect which
variations of speed would make the implementation to fit better the specification.
Intuitively, the best variation will be the one allowing the implementation to
conform to the specification with a higher level of confidence α.

Definition 10. Let I and S be SFSMs. Let H be a multiset of timed executions
(α,H)
(α,H)
of I. Let us consider 0 ≤ α ≤ 1 such that Iconfmsπ S, Iconfmwπ S, and
′
(α ,H)
there do not exist α′ > α and π ′ ∈ IR+ with Iconfmsπ′ S. Then, we say that
π is a relative speed of I with respect to S for H.
⊓
⊔
The concept of relative speed allows us to define another implementation
relation which is more restrictive than those presented so far. Basically, the
implementation must both (α, H)−stochastically conform to the specification
and have 1 as a relative speed. Let us note that the latter condition means that
the implementation fits perfectly in its current speed.
Definition 11. Let I and S be SFSMs. Let H be a multiset of timed executions
of I and let us consider 0 ≤ α ≤ 1. We say that I (α, H)−stochastically and
(α,H)
(α,H)
precisely strong conforms to S, denoted by I confps
S, if I confss
S and
we have that 1 is a relative speed of I with respect to S for H. Similarly, we
say that I (α, H)−stochastically and precisely weak conforms to S, denoted by
(α,H)w
(α,H)
IconfpS
, if I confsw
S and we have that 1 is a relative speed of I with
respect to S for H.
⊓
⊔
The following result relates some of the notions presented in this section.
(α,H)

(α,H)

Lemma 4. Let I and S be SFSMs. We have I confps
S iff I confss
S
and neither I is strong-generally faster than S for H nor I is strong-generally
slower than S for H.
(α,H)
(α,H)
We have I confpw
S iff I confsw
S and neither I is weak-generally
faster than S for H nor I is weak-generally slower than S for H.
⊓
⊔

5

Conclusions and Future Work

In this paper we have presented a new notion of finite state machine. In contrast with most timed extensions, our formalism allows to specify in an easy
way both the passing of time due to timeouts and the time due to the performance of actions. In the first case, we consider that timeouts are given by fix
amounts of time. For each state of the machine, if after a certain time no input
action is received then the machine changes the state. In the second case, time
is introduced by means of random variables. Thus, we are able to specify the
time elapsed from the reception of an input until the observation of an output.
These time values are specified by means of random variables. Finally, we have
presented several implementation relations based on the notion of conformance.
These relations share a common pattern: The implementation must conform to
the specification regarding functional aspects. In addition to require that different sequences of actions are performed in the implementation as indicated by the
specification, the timeouts of the implementation have also to be placed according to the ones of the specification. Our implementation relations also impose

some conditions regarding the random variables appearing in both specifications
and implementations.
As future work we plan to introduce an appropriate notion of test and to
define how tests are applied to implementations. In this sense, we will give a
notion of passing a test suite up to a certain probability. The final goal will be to
relate our implementation relations with this notion of passing tests. This will
be done by providing a test derivation algorithm to obtain sound and complete
test suites with respect to some of the implementation relations given in this
paper.
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Appendix. Statistics Background: Hypothesis Contrasts
In this appendix we introduce one of the standard ways to measure the confidence
degree that a random variable has on a sample. In order to do so, we will present
a methodology to perform hypothesis contrasts. The underlying idea is that a
sample will be rejected if the probability of observing that sample from a given
random variable is low. In practice, we will check whether the probability to
observe a discrepancy lower than or equal to the one we have observed is low
enough. We will present Pearson’s χ2 contrast. This contrast can be applied both
to continuous and discrete random variables. The mechanism is the following.
Once we have collected a sample of size n we perform the following steps:
– We split the sample into k classes which cover all the possible range of values.
We denote by Oi the observed frequency at class i (i.e. the number of elements
belonging to the class i).

– We calculate the probability pi of each class, according to the proposed
random variable. We denote by Ei the expected frequency, which is given by
Ei = npi .
– We calculate the discrepancy between observed frequencies and expected
2
Pn
i)
frequencies as X 2 = i=1 (Oi −E
. When the model is correct, this discrepEi
ancy is approximately distributed as a random variable χ2 .
– We estimate the number of freedom degrees of χ2 as k − r − 1. In this case,
r is the number of parameters of the model which have been estimated by
maximal likelihood over the sample to estimate the values of pi (i.e. r = 0
if the model completely specifies the values of pi before the samples are
observed).
– We will accept that the sample follows the proposed random variable if
the probability to obtain a discrepancy greater or equal to the discrepancy observed is high enough, that is, if X 2 < χ2α (k − r − 1) for some
α low enough. Actually, as such margin to accept the sample decreases
as α decreases, we can obtain a measure of the validity of the sample as
max{α | X 2 < χ2α (k − r − 1)}.
According to the previous steps, we can now present an operative definition
of the function γ which is used in this paper to compute the confidence of a
random variable on a sample.
Definition 12. Let ξ be a random variable and let J be a multiset of real
numbers representing a sample. Let X 2 be the discrepancy level of J on ξ calculated as explained above by splitting the sampling space into the set of classes
C = {[0, a1 ), [a1 , a2 ), . . . , [ak−1 , ak ), [ak , ∞)}, where k is a given constant and for
i
all 1 ≤ i ≤ k we have ai = q where P (ξ ≤ q) = k+1
. We define the confidence of
ξ on J with classes S, denoted by γ(ξ, J), as max{α | X 2 < χ2α (k − 1)}.
⊓
⊔
Let us comment some important details. First, given the fact that the random
variables that we use in our framework denote the passing of time, we do not need
classes to cover negative values. Thus, we will suppose that the class containing
0 will also contain all the negative values. Second, let us remark that in order to
apply this contrast it is strongly recommended that the sample has at least 30
elements while each class must contain at least 3 elements.

