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ABSTRACT

An e-barter multi-agent system consists of a set of agents ex-
changing goods. In contrast to e-commerce systems, trans-
actions do not necessarily involve the exchange of money.
Agents are equipped with a wutility function to simulate the
preferences of the customers that they are representing. They
are grouped into local markets, according to the localities
of the corresponding customers. Once these markets are
saturated (i.e. no more exchanges can be performed) new
agents, representing those local markets, are generated and
combined into new markets. By reiteratively applying this
process we finally get a global market.

Even though a formalism to define e-barter architectures
has been already introduced, that framework had a strong
drawback: Neither transaction nor shipping costs were con-
sidered. In this paper we extend that framework to deal
with systems where fees have to be paid to the owner of the
system. These fees are computed according to the goods
involved in the corresponding exchanges. In addition, ship-
ping costs have also to be paid. These modifications com-
plicate the setting because the utility that customers receive
after exchanging goods is not directly given by the original
utility function. That is, the returned utility after an ex-
change is performed has to be computed as a combination
of the former utility and the derived costs. In particular,
some exchanges may be disallowed because those costs ex-
ceed the increase of utility returned by the new basket of
goods.
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During the last years there has been a growing interest
in the study and implementation of systems/communities
where intelligent (electronic) agents replace their (human)
owners. In particular, there is ongoing research in tech-
nologies able to model users by means of agents which au-
tonomously perform electronic transactions (see [6] for a sur-
vey on the topic). In order to increase the power of these
agents they should be able to know the preferences of the
corresponding user. In this case, the concept of utility func-
tion is very useful. A wtility function returns a real number
for each possible basket of goods: The bigger this number
is, the happier the owner is with this basket. Intuitively,
agents should act as the customer by considering the util-
ity function that the corresponding user has in mind (see
e.g. [18, 5, 3, 9, 13, 8]). Besides, a formal definition of the
preferences of the user provides the agent with some nego-
tiation capacity when interacting with other agents [7, 19,
10]. Let us remark that, in most cases, utility functions take
a very simple form. For instance, they may indicate that a
customer C' is willing to exchange the item a by the items
b and c¢. Moreover, there exists several proposals showing
how agents can be trained on the user preferences (see e.g.
[1, 3, 19]). Finally, a customer has always the possibility of
changing the utility function. Once the agent is notified of
these changes, it will change its negotiation strategy.

An e-barter system [12] consists of a set of agents per-
forming exchanges of products. In contrast with the usual
understanding of e-commerce, e-barter does not necessarily
reduce all the transactions to money: An exchange is made if
the involved parts are happy with their new items. Besides,
e-barter allows a richer structure of exchanges. Suppose a
very simple circular situation where for each 1 < i < r we
have that agent A; owns the good a; and desires the good
a(i mod r)+1 (see Figure 1). This multi-agent transaction
can be easily performed within this framework. On the con-
trary, it would not be so easy to perform it if these items
must be first converted into money. In fact, in case items
are to be converted into money, the agent who desires the
most expensive item would be unable to obtain it. So, the
whole exchange will be deadlocked, even though all of the
agents would get happier performing it. Actually, it could
be thought that agents would be able to exchange the items
provided that the price of all of the items is the same, but
in that case we are not really using money: If all the items
have the same price, any item can be used as currency unit,
and what we obtain is a barter environment where money is
not needed.



Figure 1: Exchange of items in the presence of cir-
cular dependencies.

However, in our environment money' can be considered
just as another possible resource: An agent may be willing
to exchange the good a by (m units of the good) money.

In order to formalize e-barter systems, the notions of wutil-
ity function, fair erchange, and equilibrium are borrowed
from Microeconomics (see [14] for a very formal and rigor-
ous presentation of microeconomic theory). Let us suppose
a system with k agents where n different products can be
exchanged. Each agent has as information from the cus-
tomer a pair (Z,u), with T € R} and u : R} — IR4. The
first component of the pair denotes the amount of resources
that the customer owns of each product. The second com-
ponent is the utility function indicating the preferences of
the customer with respect to the different products. That
is, u(T) < u(y) denotes that the basket 7 is preferred to
the basket T. For example, u(2,3) < »(3,1) means that it is
preferred to own 3 units of the first product and 1 unit of the
second one that to own 2 and 3 units, respectively, of the cor-
responding goods. A subset of agents will be willing to ex-
change resources if none of them decreases its utility and at
least one of them improves. These exchanges are called fair.
Formally, let us consider A = {i1,...,im} C {1,...,m} and
the pairs (T;,u;) for any ¢ € A. Let us suppose that after
the exchange we have that the information associated with
the agents belonging to A is given by the pairs (77, ;). The
exchange is fair if for any 7 € A we have u;(Z;) < u;(7;) and
there exists j € A such that u;(Z;) < u;(yj). Let us remark
that a necessary condition for a exchange is that no products
are created/destroyed, that is, Y7,  ,%i = >, 4 ¥i- Even-
tually, the system will reach a situation where no more ex-
changes can be performed. In other words, it is not possible
to improve the situation of one agent without deteriorat-
ing another one. Such a situation is called equilibrium (also
called Pareto optimum). In order to determine the equilib-

!Let us remark that this is not the usual treatment of money
in general equilibrium theory. It is not considered as a re-
source and it is simply used to set relative prices.

ria of a system, techniques inherited from game theory can
be used (see e.g. [21, 17, 20]).

In e-barter systems, agents are grouped according to the
localities of the corresponding customers (see Figure 2. First,
agents are combined into local markets (e.g. customers liv-
ing in the same city). Once this market is saturated, that
is, when no more exchanges can be performed, an agent
representing the interests of all the agents in the market is
created. The new agents will be again grouped into mar-
kets (e.g. agents are grouped by counties). This situation is
repeated until a global market is created. This hierarchical
structure presents at least two advantages. First, shipping
costs are diminished because agents will exchange resources
as close to the location of the customer as possible. Second,
by creating new (representative) agents once a market is sat-
urated and by combining them into higher order markets,
we keep a small number of agents belonging to a certain
market. This is very relevant if we take into account that a
big number of agents would make very difficult to find the
products that they are looking for. This is so because the
number of messages that agents send to communicate with
each other dramatically increases with the number of agents
in the market. Finally, let us note that if an agent does
not find the product that it is looking for in a local market,
there will be a new agent looking for the same product (and
taking into account the preferences of the original agent) in
a wider market.

In order to formally specify e-barter systems we will use a
process algebraic notation based on the language PAMR [16].
This language is very suitable for our purposes because it
was specially developed to deal with the specification and
analysis of concurrent and distributed systems where re-
sources play a fundamental role. Unfortunately, PAMR does
not provide a higher order constructor as the one needed in
e-barter systems, so the language has to be extended. In
addition to a syntax, we will provide an operational seman-
tics for the new language. By doing so, every stage of the
creation of an e-barter system may be formally specified,
avoiding ambiguities and providing a clear structure of the
system. Moreover, a designer of e-barter systems does not
need to go through all the semantic machinery. It is enough
to understand how the syntax of our language works.

In this paper we provide a formalism to specify e-barter
systems where two of the main limitations of [12] are over-
come. First, we consider that customers have to pay a fee
depending on the products that they exchange. Second,
shipping costs will be also collected. In order to compute
shipping costs we have to take into account not only the
products that the customer receives, but also the distance
between the sender and the receiver. These two changes
modify the behavior of systems. In particular, the set of
final distributions of products will be reduced because some
fair exchanges will not be performed due to the additional
costs. Moreover, we have to adapt the notion of Pareto
optimum to our framework. In microeconomics terms, the
problem is that we partially lose the notion of contract curve
because the induced generalized Edgeworth box shrinks af-
ter an exchange. Specifically, money is taken out from the
system due to the extra costs. Let us illustrate these changes
with a simple example.

ExaMmpLE 1.1. Let us consider a system with two users
and two products. In addition, we consider money as the
third product. Let us suppose that the initial distributions



Cities trading
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Figure 2: Example of a hierarchical market structure.

are (0,3,5) and (2,1,10), respectively, while the correspond-
ing utility functions are defined as ui(z1,T2,73) = 3071 +
10 - z2 + z3 and u2(x1,x2,23) = 10 - 21 + 10 - 2 + x3, Te-
spectively. Intuitively, the first user is indifferent between
one unit of the first product and three units of the second
product. If the first user gives two units of the second prod-
uct in exchange for one unit of the first product, both users
improve. That is, u1(0,3,5) < u1(1,1,5) and u2(2,1,10) <
u2(1,3,10). However, this exchange could be disallowed if
we consider transaction and shipping costs. In this case,
we would have to decide whether we have both u1(0,3,5) <
ur(1,1,5—4(1,0) —c1.2(1,0)) and us(2,1,10) < us(1,3,10—
t(0,2) — c1,2(0,2)), where t is a function computing trans-
action costs and ci,2 s a function computing shipping costs
according to the distance between the users. Besides, in or-
der to have a fair exchange, one of the previous inequalities
must be strict. If the exchange is performed, the system will
increase its amount of money by t(1,0)+t(0,2) units. Thus,
the total amount of money owned by the users is reduced in
t(1,0) +¢(0,2) + c1,2(1,0) + ¢€1,2(0,2) units. O

The rest of the paper is structured as follows. In Section 2
we introduce some auxiliary notation. Section 3 represents
the bulk of the paper. First, we give an informal description
of the behavior of e-barter systems. Next, we present a
formalization of all the necessary concepts to specify e-barter
systems. Finally, in Section 4 we present our conclusions and
some lines for future work.

2. BASIC CONCEPTS

In this section we introduce some concepts that we will
use during the rest of this paper. Specifically, we present the
notions of utility function and we explain how operational
rules for a process algebra are defined. First we present some
mathematical notation.

DEFINITION 2.1. We consider Ry = {x € R |z > 0}.
We will usually denote vectors in IR™ (form >2) by Z,7, .. ..
Given T € R™, x; denotes its i-th component. We extend
to vectors some usual arithmetic operations. Let T, € R".
We define T+7 = (x1 +y1,...,Tn +Yn), and T <7, if for
any 1 <i<n we have x; < y;.

We will usually denote matrices in A™*™ (for n,m > 2,
and a set A) by calligraphic letters £,E1,... O

The relevant characteristics of the customers of an e-barter
system are their baskets of resources (indicating the items
that they own) and their wtility functions (indicating pref-
erence among different baskets of resources).

DEFINITION 2.2. Let us suppose m > 0 different kinds of
resources. Baskets of resources are defined as vectors T €
RT. A utility function is a function v: R} — IR. [

In microeconomic theory there are some restrictions that
are usually imposed on utility functions (mainly strict mono-
tonicity, convexity, and continuity). Intuitively, given a util-
ity function » we have that u(Z) < u(y) means that the
basket 7 is preferred to 7.

Process Algebras (see [2] for a good overview on the topic)
are formal languages used for the specification and verifica-
tion of distributed and concurrent systems. As we pointed
out in the introduction of this paper, we will use such a lan-
guage to formalize e-barter systems. The syntax of these
languages is given as an EBNF expression. In order to as-
sign meaning to syntactic terms, an operational semantics
is usually defined. Operational rules will be defined as usual
deduction rules. That is, a rule

Premise; A Premises A ... A Premise,

Conclusion

indicates that if all of the premises hold, then we can de-
duce the conclusion. Premises indicate individual behavior
of components of a system, while conclusions indicate how
the system behaves according to individual performances.
Let us remark that when a rule has not got any premise,
the conclusion trivially holds.

3. FORMALIZING E-BARTER SYSTEMS

In this section we present how e-barter systems are or-
ganized. First, we show the basic algorithm underlying the
definition of e-barter systems. Next we introduce the formal
framework to specify e-barter systems.



3.1 Basic Behavior of e-barter Systems

Customers willing to participate in an e-barter system are
represented by (electronic) agents.? These agents are pro-
vided with two data: The basket of resources that the cus-
tomer is willing to exchange and a wutility function. The util-
ity function relates the preference that a customer has for
the owned items with respect to the desired items. Besides,
once an agent has reached a (possibly multilateral) deal, it
must be notified to the customer. If all the customers give
their approval, the deal will be effectively performed, trans-
action fees will be added and shipping costs will be computed
according both to the amount of received items and to the
distance between the involved customers.

From now on we concentrate on the behavior of the differ-
ent electronic entities. The behavior of an e-barter system
works according to the following algorithm:

1. Each agent generates the barters that its customer
would be willing to perform (according to the corre-
sponding basket of resources and utility functions).

2. Agents exchange goods inside their local market. A
multilateral exchange will be made if (at least) one of
the involved agents improves its utility and none of
them decreases its utility. This is repeated until no
more exchanges are possible. In this case, we say that
the local market is saturated.

3. Once a market is saturated, their agents are combined
to create a new agent. The new agent will have as
basket of resources the addition of the corresponding
to each agent. Its utility function will encode the util-
ities of the combined agents. Let us remark that this
new agent behaves as a representative of the combined
agents. First order agents will be combined again into
markets, according to prozimity reasons.

4. Higher order agents trade between them until their
market is saturated.

5. Once a (higher order) market is saturated, the agents

start to allocate the resources in a top-down way through

the tree of markets until the resources arrive to the
leaves of the tree (i.e. the original agents). Then, they
create a new agent (as indicated in step 3).

6. Once their markets are saturated, new markets are cre-
ated by combining agents until there exists a unique
market. Once this market is saturated, and the re-
sources are conveniently allocated, the whole tree of
agents is reset, and we start again at the first step.

As we already pointed out in the introduction, the previ-
ous behavior ensures some good properties. In particular,
exchanges are made between agents located as near as pos-
sible, that is, shipping costs are minimized.

3.2 ebarter Systems. Syntax and Semantics

In this section we provide a formal syntax and seman-
tics for the definition of e-barter systems. Even though we
use a process algebraic notation (mainly when defining the

*In terms of [22], our agents present as information attitude
belief (vs.knowledge), while as pro-attitudes we may con-
sider commitment and choice (vs. intention and obligation).

operational rules) we do not need most of the usual opera-
tors for this kind of languages (choice, restriction, etc). In
fact, our constructions remind a parallel operator as the one
presented, for example, in CCS [15].

DEFINITION 3.1. A market system is given by the follow-
ing EBNF:

MS == ms(M)

M = Alunsat((M,...,M),sh,pr)|oc(M)
A = (S,u,T,sh,pr)

S = [1114,...,4] O

First, in order to avoid ambiguity of the grammar we an-
notate market systems with the non-terminal symbol ms.
Intuitively, M = (S, u,T, sh,pr) (that is, M = A) repre-
sents a saturated market, that is, a market where no more
exchanges can be performed among its agents. u denotes
the utility function of M and T represents the basket of re-
sources owned by M. We consider that there are m different
products,® that is T € RY, and that the amount of money
is placed in the last component of the tuple. Besides, sh
is the shipping function indicating the shipping cost of each
possible transaction in this market. In turn, pr is the profit
collected by the market due to transaction costs. We will
assume the existence of another function which will be com-
mon to all of the markets, the transaction function, denoted
by tr. The function #r computes the transaction costs for
each of the agents involved in an exchange by taking into
account the goods that this agent receives. Let us remark
that while the shipping costs will depend on the market in
which the transaction is performed, the transaction costs
will not. By doing so we can formally specify that shipping
costs increase with the distance between customers.

Regarding the first argument of M, there are two possible
situations. Either S is an empty list or not. In the first case,
we have that M represents an original agent, that is, a direct
representative of a customer (note that a single agent is triv-
ially saturated). In the second case, if S = [A1,...,A,] we
have that M represents an agent associated with the (possi-
ble higher order) agents A, ..., A, belonging to a saturated
market. M = unsat((Mi,..., M), sh, pr) represents an un-
saturated market consisting of the markets M, ..., My, the
shipping function sh and the profit value pr. Let us remark
that in this case some of the submarkets may be saturated.
Once all the markets of the system are saturated, the whole
system is turned again into unsaturated. The term o (M)
will represent that such operation must be performed on
M.

Next, we present an example showing how an e-barter sys-
tem may be constructed. In this example we will also (in-
formally) introduce operational transitions of the language.

ExXAMPLE 3.2. Let us consider a total of siz agents A; =
([, ui, T3, sho, 0), for 1 <i < 6, where sho denotes a dummy
shipping function. We suppose that these agents are grouped

3We are assuming that all the items are goods. Nevertheless,
agents could also trade bads. For example, a customer would
be willing to give an apple pie if he receives minus s brown
leaves in his garden. However, bads are usually not consid-
ered in microeconomic theory, as they can be easily turned
into goods: Instead of considering the amount of leaves, one
may consider the absence of them.



into three different markets which are initially unsaturated,
so we make the following definitions:

M = wunsat((A1,A2),sh1,0)
M, = 'unsa,t((Ag,A4),sh2,0)
Ms; = 'unsa,t((A5,A6),sh3,0)

Suppose that the first two markets are linked, and the result-
ing market is also linked with the remaining Ms. We should
add the following definitions:

My = wunsat((Mi, M>),shs,0)
My = unsat((M4,M3),sh5,0)

Finally, the global market is defined as M = ms(Ms).

Following the philosophy explained in the previous section,
transactions will be made within a market only between sat-
urated submarkets. So, only M1, Ms, and M3 are allowed to
perform transactions (note that original agents are trivially
saturated).

We will denote exchange of resources by ~. Suppose that
after some exchanges, My becomes saturated. That is, there
exists a sequence of exchanges My ~» M| ~» MZ.-- ~»
M7y = M{ such that M{ +. In this case, the market group-
ing the first two agents should be labeled as saturated. So,
the agents effectively perform all the achieved transactions
becoming A} and AS. Then, the first market will be turned
into ([A,h A,2]7 f(u17 u2)7$_1+$_2_ (07 0,..., COStsl)7 Shlaprl)’
where f is a function combining utility functions (such a
function will be formally defined), pr1 is the amount of money
that the system has obtained due to the fees applied to the
exchange of goods, and costs1 denotes the transaction and
shipping costs associated with the exchanged products in the
market My. In parallel, M will have a similar behavior.

Once both M1 and M> are saturated, the transactions be-
tween them will be allowed. Note that these transactions (in-
side the market Ma) will be performed according to the new
utility functions, f(u1,u2) and f(us,us) respectively, and to
the new baskets of resources, T1 + T2 — (0,0, ..., costs1) and
T3 + 7z — (0,0, ..., costs2), respectively.

The process will iterate after Ms gets saturated. Finally,
we will have a market as o(M§). Then, the global market is
structurally reset. [

In order to simplify forthcoming operational rules we in-
troduce the following notation to deal with utility func-
tions. Utility functions associated with original agents (that
is, A = ([ ],u,%,sh,0), where sh is useless) will behave
as explained in Definition 2.2. That is «(Z) indicates the
relative preference shown by A towards the basket of re-
sources z. Nevertheless, if A = ([A44,...,Ax],u, T, sh, pr)
then we will consider that in addition to its usual mean-
ing, the utility function also keeps track of how a basket of
resources is distributed among the (possible higher order)
agents Ai,...,A,. That is, w(Z) = (r,Z1,...,%n), where r
still represents the utility, while > z; = z and z; denotes
the portion of the basket Z assigned to A;. Overloading the
notation, if we simply write u(Z) we are referring to the first
component of the tuple, while u(z).7 denotes the (i + 1)-th
component of the tuple.

In the next definition we present the anchor case of our op-
erational semantics. In order to perform complex exchanges,
agents should first indicate the barters they are willing to
accept.

DEFINITION 3.3. Let A = (S,u, T, sh,pr) be a saturated
market. The exchanges the agent A would perform are given
by the following operational rules:

u(T+Y) >u(T) A (T+7)>0
(Su.T,sh,pr)—>(S,uT+7,sh,pr)

uw(Z4Y)>u(@) A (T+7)>0

(Syu,T,sh,pr)—(S,u,3+7,sh,pr)

where § € R", being n the different kinds of available re-
sources. [

Let us remark that 7 may have negative components. Ac-
tually, these tuples will contain the barters offered by the
agent. For example, if = (1, —1,0, —3) fulfills the premise,
then the agent would accept a barter where it is offered one
unit of the first product in exchange of one unit of the sec-
ond good and three units of money. Regarding the rules, the
first premise simply indicates that the agent would not de-
crease (resp. would increase) its utility. The second premise
indicates that the agent does not run into red numbers, that
is, an agent cannot offer a quantity of an item if it does
not own enough. Thus, a transition as — denotes that the
market does not worsen, meanwhile a transition — denotes
that the market does improve. Finally, let us comment that
even though transaction and shipping costs do not explicitly
appear in the previous rules, they are implicitly reflected in
the last component of the corresponding tuples y. We will
later formalize how these costs are assigned to the owner
of the system and to the shipping companies. Next we will
show how the offers made by the agents are combined.

DEFINITION 3.4. Let M = unsat((Mu, ..., My),sh,pr).
Let I={s1,...,5:}C{1,...,n} be a set of indezes denoting
the saturated markets belonging to M (that is, for any i € T
we have M; = (S;,u;, @7, shi,pri)). We say that the matriz
& e (RY)™™™ is a valid exchange matriz for M under the
cost tuple ¢, denoted by valid(M,E,C), if for any 1 <i<mn
we havezj Eij <T—(0,...,0,¢:),Ei=0,andV1<k<n
such that k € I, & =0 and £, =0. O

First, let us remark that the notion of walid matrix is
considered only in the context of unsaturated markets: If
a market is saturated then no more exchanges can be per-
formed. Second, only saturated markets belonging to an
unsaturated market may perform exchanges among them.
This restriction is imposed in order to give priority to trans-
actions performed by closer agents belonging to unsaturated
submarkets. Regarding the definition of walid matrix, let
us note that matrixes £ have as components baskets of re-
sources (that is, elements belonging to R). &;; represents
the basket of resources that the market M; would give to
M;. In the tuple ¢, ¢; denotes the transaction and shipping
cost that agent M; will have to afford. So, the condition
> € <mi—(0,...,0,¢) indicates that the total amount
of resources given by market M; must be less than or equal
to the basket of resources owned by that market minus the
money paid by the transaction. Finally, let us comment
that an exchange does not need to include all of the satu-
rated markets. For example, if we have an exchange where
only 7" markets participate, then the rows and columns cor-
responding to the remaining r — r’ saturated markets will
be filled with 0, as they are for the unsaturated markets.



Next we introduce the rules defining the exchange of re-
sources. Intuitively, if we have a valid exchange matrix,
where (at least) one of the involved agents improves and
no one worsens, then the corresponding exchange will be
performed.

DEFINITION 3.5. Let M = unsat((Mu,..., M,),sh,pr).
Let I ={s1,...,8-} C{1,...,n} be a set of indexes denot-
ing the saturated markets belonging to M (that is, for any
i € I we have M; = (S;,us, %5, shi,pri)). The operational
transitions denoting exchange of resources that M may per-
form are given by the rule shown in Figure 3. We say that
M is a local equilibrium, denoted by M ~, if there do not

exist M', € such that M 5 M'. [

The operational rule shown in Figure 3 is applied under
the same conditions appearing in the definition of a valid ex-
change matrix: It is applied to unsaturated markets and the
exchange is made among a subset of the saturated submar-
kets. The premises indicate that (at least) an unsaturated
market will improve after the exchange and that no one de-
teriorates. Let us remind that, in general, a market may
generate both M; < M and M; —~ M. So, the previous
rule also considers situations where more than a market im-
proves (we only require that at least one improves). Besides,

let us remark that M; —» M always holds. So, a market
not involved in the current exchange does not disallow the
exchange. The costs required to have a valid exchange ma-
trix will be computed both from the transaction and ship-
ping costs. Regarding the conclusion, submarkets belonging
to M are modified according to both the corresponding ex-
change matrix and the costs of the exchange, while unsat-
urated submarkets do not change. Let us remark that the
costs of each exchange will be paid by the receiver. Besides,
only the transaction costs will be added to the cumulated
profit of the market. The following result follows from the
previous definition. It indicates that exchanges allowed by
the previous rule are fair.

PROPOSITION 3.6. Let M = unsat((Mi,...,M,),sh,pr)
be an unsaturated market. Let I = {s1,...,s,} C{1,...,n}
be a set of indexes denoting the saturated markets belonging

to M (that is, for any i € I we have M; = (S;, u;, Tz, shi, pri)).

Let us suppose that it is possible to perform the transition
unsat((My,...,My), sh,pr) A unsat((Mj,...,M),), sh,pr'),
where for all i € T we have M} = (S;, us, x', shi,pr;)). Then
for any i € T we have u;(T7) < wi(x}) and there exists j € I
such that u;(T;) < u; (E) O

We need to consider two more exchanging rules.

£
My~ My,

unsat (M1, M., Mp ),sh,pr)Sunsat (M1 ..., M, ..., My ),sh,pr)

ME M
ms(M)«S»ms(M’)

The first one indicates that if an unsaturated submarket
produces an exchange, then the market must take that sit-
uation into account. The second rule reflects modifications
in the environment of the constructor ms.

If a market reaches an equilibrium then we need to mod-
ify the attribute of the market, replacing a term of the form

unsat((Mi,..., M,),sh,pr) by a term as (S,u,7, sh,pr’).
Once a market is saturated, the money collected in the dif-
ferent submarkets as transaction costs will be transferred to
it. In addition, resources are recursively moved from the
corresponding agents to the leaves of the tree (indicating
customers). Let us remark that a necessary condition for a
market to be saturated is that all of its submarkets are also
saturated. The following rule uses two auxiliary notions that
will be formally presented in the forthcoming Definition 3.8.

DEFINITION 3.7. Let M = wunsat((Mi,...,My,),sh,pr)
be a market, where we have that M; = (Si,ui,T;, shi, pr;)
for any 1 < i < n. The following rule modifies the market
from unsaturated to saturated:

M A
M’\’)([ML---7M;L}7uazx_i15hypr+2ipri)
where w = CreatelUtility(ui,...,Un,T1,...,Tn) and for

any 1 < i < n we have that M; = (S}, u;,%;,sh;,0) and
S; = Deliver(S;,u;,7;). [

Let us remark that in this rule we do not label the tran-
sition ~». These transitions play a role similar to internal
transitions in classical process algebras. We need to add two
more rules, as in the previous case, to record this transfor-
mation in the context of different constructors:

My~ My,
unsat((M1,...,Mk,...,Mn),sh,p'r)'\»unsat((Ml,...,M,’e,...,Mn),sh,p’r)

M~ M’
ms(M)~ms(M")

Next we present the pending functions. Intuitively, the
function Deliver(S,u,T) distributes the basket of resources
T among the original agents appearing in the leaves of the
tree S. This distribution considers both the utility functions
of the agents and the quantities of resources contributed
by each of the agents. In addition to that, the function
CreateUtility(ui,...,Un,T1,...,Tn) computes a combined
utility function from the ones provided as arguments, so that
it is possible to negotiate for maximizing the overall profit of
the represented agents. Let us remind that, in this section,
utility functions associated with higher order agents do not
only reveal preference. In addition, they also take into ac-
count how resources will be distributed among agents. Thus,
if we are considering an agent representing n agents, a new
utility function returning a tuple with n 4+ 1 components
will be created. The first component (the value of the util-
ity function) will return the worst utility (0) if any of the
represented agents worsens. In this way, it is guaranteed
that the market does not make any exchange which deteri-
orates any of its clients. Otherwise, the value of the utility
will be the addition of individual utilities in the distribution
of resources which maximizes this value.

DEFINITION 3.8. Let A = (S,u,T,sh,pr) be an agent.
The allocation of the basket of resources T among the agents
belonging to S with respect to the utility function u, denoted
by Deliver(S,u,T), is recursively defined as:

if S =]

Deliver(S,u,T) = { [] it § = [M, M,

[Mi,..., M;]

where for any 1 < i < n we have M; = (Si, ui, T;, shi, pr;),
M = (S}, ui, w(T).i, shi,pri), and S; =Deliver(S;, u;, u(T).7).
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M S wnsat (M1, ..., My), sh,pr + 3, tr(3, €1))

where £e€(R})™*"

Yi = > &i—
tr(32; Eii) + sh(32; i)

cost; =

[MZ_,:{M i¢ 1

3
(Si,ui, T; + Yi, shi,pr;) otherwise

> €ij —(0,...,0,cost;)

Figure 3: Operational rule for the exchange of resources in an unsaturated market.

Given n pairs (u;,T;) the utility function is defined from
the wutility functions w1, ..., u, with respect to the initial
baskets of resources Ti,...,Tn, and we denote it by using
CreatelUtility(ui,...,Un,T1,...,Ln), S

CreatelUtility(ui,...,Un,T1,...,Tn) = Umarket

et s sah)|r = Z1gign u; (@)
AN YicicnZi =T N Njcic,, u(zh) > u(T7)}), mazimizing
over the first argument (representing the utility), and as-

summing max(0) = (0,0,...,0). O

where umarket(f) = maz‘({(r, $_,1, s

Next, in order to define how a market evolves, we compose
sequences of transitions.

DEeFINITION 3.9. We say that a market M evolves into a
market M', and we write M ~*M', if there exist markets
M, ..., My_1 such that

a a a a
M~ M 3 My _3 - My 53 M

where for any 1<i<mn we have that a; is an empty label or
an exchange matriz. [

Finally, we provide a mechanism to reset a global market.
If the root of the tree becomes a saturated market, then
the whole tree of markets is created again. This is done
by considering the five rules shown in Figure 4. The first
one defines how it is launched the process to turn all the
markets back to unsaturated mode, provided that the global
market has become saturated. In this case, the transition
is labelled by the global amount of money collected by the
whole market system as transaction fees. The other rules
define how to recursively reset the tree from the root to the
leaves (original customer).

As we have already commented, the addition of trans-
action and shipping costs does not allow to properly speak
about Pareto optimums. First, as the following result states,
if we set these costs to zero then we obtain that the last satu-
rated market represents one of the possible Pareto optimums
for the whole set of original agents (regardless their locality
in the market structure).

THEOREM 3.10. Let M, M' be markets and A be an agent
such that
M ~*M'" < ms(o(A))
If transition and shipping costs are set to zero then we have
that the distribution of resources provided by o(A) represents

a Pareto optimum with respect to the original agents belong-
ing to M.

Proof Sketch: If the final situation were not a Pareto equilib-
rium then there would exist at least one more fair exchange.
Nevertheless, according to the operational semantics, this
exchange would have been performed in the lowest market
which embraces all of the agents involved in this hypotheti-
cal exchange, which makes a contradiction. [

Regarding the general situation of our system where the
transaction and shipping costs are greater than zero, the
classical Pareto equilibrium concept does not apply. For
instance, a desirable exchange in a free or low transaction
fee environment could not be a desirable exchange in an
expensive one. Then, the equilibriums are different because
of the effect of the fees. This framework cannot be defined in
terms of one more agent representing the effect of the market
fees, because this agent would have the special ability to
enable and disable some exchanges. Therefore, we need a
more general concept of equilibrium.

DEFINITION 3.11. A (t,s)-Pareto equilibrium is a distri-
bution of resources in which no more fair exchanges are pos-
sible according to the transaction costs function t and the
shipping costs function s. [

The following result relates (t, s)-Pareto equilibria and se-
quences of transitions. The proof is similar to the one for
Theorem 3.10.

THEOREM 3.12. Let M, M’ be markets and A be an agent
such that
M ~*M" < ms(o(A))
We have that o (A) represents a (t, s)-Pareto equilibrium with
respect to the original agents belonging to M. [

4. CONCLUSION AND FUTURE WORK

In this paper we have presented a formal framework to
specify e-barter systems where transaction and shipping costs
are considered. These costs modify the usual understanding
of Pareto optimum because exchanges are now constrained
by these additional costs. We are currently working in two
opposite lines regarding our framework for e-barter. First,
we are implementing a real e-barter system. By now, we re-
strict utility functions to be linear. Second, we are studying
theoretical extensions of our model to allow a more thor-
ough understanding of e-barter systems. In this line, we are
studying properties of e-barter systems by using the testing
semantics defined in [4]. This semantics was designed to



ms((S,u, T, sh, pr)) =pr ms(o((S,u, T, sh,0))) o(([},w, T, sh,pr)) = ([],u, T, sh, pr)

S =[A1,...,Ap]
a((S,u, T, sh,pr)) = unsat((c(41),...,0(A4r)), sh,pr)

M M
ms(M) — ms(M')

M — M,’c
, My), sh,pr) < unsat((Mi,..., M}, ..., My), sh,pr)

unsat((Mu,..., Mg, ...

Figure 4: Reseting a global market.

find deadlocks in concurrent systems. Thus, it is very ap-
propriate to determine the possible equilibria in an e-barter
system. Moreover, we are considering the stochastic frame-
work presented in [11] in order to (probabilistically) quantify
the non-deterministic decisions taken by the agents.
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