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Abstract. In this paper we present a probabilistic-timed process algebra, which try to unify the best solutions of previous probabilistic and
timed algebras. We provide an operational semantics for the new language (PTPA), and from this operational semantics we deﬁne a testing
semantics based on the probability with which processes pass tests. Afterwards the induced testing equivalence is operationally characterized
by probabilistic timed traces.

1

Introduction

Everyday the systems consisting of a number of components which need to communicate and cooperate each other (control systems, networks, communications,
etc) are more numerous and complex. These systems are called Concurrent and
Distributed Systems, (CDS), and many of them are also Real-Time systems. In
the eighties, process algebras have settled an important theoretical background
for the study of CDS. These works were very signiﬁcant, mainly to shed light on
concepts and to open researching methodologies, but, due to the abstraction of
the complicated features, models deﬁned by these algebras were still far from real
systems and, therefore, some of provided solutions were not speciﬁc enough, for
instance, those related to real time systems. In the current decade, researches in
process algebras have tried to diminish the distance between formal models described by process algebras and real systems. In particular, features which were
abstracted before have been introduced in the models. The most signiﬁcant of
these features are time and probabilities.
The interest of embedding probabilistic notions into process algebras is obvious in order to perform a more qualitative analysis of concurrent distributed
systems which manage with statistical and probabilistic phenomena, such as
random algorithms or failure rates in a communication channel. Several models
introduce probabilities into process algebras, in [vGSS95] models are classiﬁed
with respect to the interpretation of probabilities, by using (strong) bisimulation.
Inside the testing framework, there are also several proposals for probabilistic
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process algebras (e.g. [Chr90, CSZ92, YL92, NdFL95, NdF95]). In the present
paper the underlying semantic model, from a probabilistic point of view, is along
the lines of those in [CSZ92], because, in spite of having some weakness, is a
general model: tests have no restrictions and the equivalence deﬁned is not so
coarse as the probabilistic extensions of the classical may or must equivalences
(e.g. [JHSY94, JY95]).
We think that the inclusion of probabilities into process algebras is not an
easy task. To capture observational equivalence and, consequently to abstract
from the τ action in the probabilistic framework is diﬃcult, so in general probabilistic testing models, e.g. [CSZ92, YCDS94, NdF95], τ ; a ≈ a, dislike it
happened to the nonprobabilistic setting. The same problem arises in models
considering bisimulation, in fact, probabilistic weak bisimulation remains as an
open problem.
Time is another important aspect in concurrent systems that cannot be adequately represented in classical process algebras. For some systems, especially
real-time systems, is not only important to know that an action can be executed, but also when it is executed. There have been many proposals to introduce time in a process algebra [RR86, NJ91, Yi91, BB93, Sch95], but most
of them are not based on testing. Examples of timed testing semantics appear
in [HR95, LdFN96].
There are still not too many proposals including time and probabilities.
In [Han91, Tof94] models based on CCS with strong bisimulation are given.
In [Low95] a denotational semantics, based on TCSP, is presented. Finally, in
[CLLS96], ideas about an integration, using testing methodology, are given, but
no characterization is provided for the induced testing equivalence. As far as we
know, [CLLS96] is the only proposal trying to integrate probabilities and time
into a testing framework, but the syntax is to limited (they do not have recursive
processes, and time is modeled by means of an special action) and the semantic
framework is under development. We will use testing methodology because we
consider it very suitable to, beginning with an intuitive and simple interpretation
of the observational equivalence, be able to accomplish semantics for processes.
Discussions above draw the lines which lead our work, that is, to deﬁne a
process algebra consisting of: a general enough syntax including features of time
and probabilities to properly specify real time CDS; an equivalence between
processes, based on testing semantics, easy to understand and close to the idea
of observational equivalence; ﬁnally, characterizations for the equivalence to both
gain knowledge about the equivalence classes, and make the equivalence tractable
from a computable point of view.
Next we comment many of the considerations taken into account to introduce
time and probabilities in our Probabilistic Timed Process Algebra, PTPA .
In this paper we will consider a discrete time domain. This is not a restrictive decision since all computers are ruled by an internal discrete clock, we will
consider δ as the duration of a cycle of that clock. Moreover, all instructions of
any computer has a non-zero duration, and it is a multiple of the cycle of the
clock. Thus we consider as our time domain T = {0, δ, 2 · δ....}; and given that

an action speciﬁes an instruction (or set of instructions) the execution of any
action takes a non zero multiple of δ period of time (as in [OMdF90]), that will
be formally described by the function d() in section 2.1.
Time considerations take special relevance in operators which have to do with
the sequentiality of the events. We present a delay preﬁxing operator wait(t); P
expressing that P is delayed time t, and an action preﬁx operator a{t} ; P
expressing that the action a is available at time t.
The delay preﬁxing operator is a derivated one since wait(t1 ); a{t2 } ; P has
the same behavior as a{t1 + t2 } ; P . So, this operator could be easily removed,
but we will keep it in our language because it makes deﬁnitions easier.
Probabilistic decisions have to be expressed in operators which relate several
processes. Our choice operator is inherited from CCS and is extended with a
probability which assigns weights to both components of the composition. There
exists a general agreement about probabilistic choice, although there are probabilistic models with both probabilistic and nonprobabilistic choices, e.g. [YL92],
but that is not the case for the parallel operator. Some proposals consist in
adding one probability parameter (e.g. [NdF95, CLLS96]), which is used to give
more weight to one of the components when executing interleaving actions; other
proposals add two probability parameters (e.g. [BBS95]): one of them plays the
same role that the previous one, while the other one gives weight to interleaving
actions with respect to synchronization actions. Taking into account that we
are mainly interested in unifying time and probabilistic features into a unique
process algebra, and considering that the parameters appearing in the parallel
operators only inﬂuence the probability with which a probabilistic transition is
executed, we have preferred to consider a parallel operator, inherited from CSP,
without any probabilistic parameter.
More diﬃcult than deﬁning probabilistic operators is assigning semantics. In
[vGSS95] the reactive, generative, and stratified models are described and studied
in the framework of probabilistic (strong) bisimulation. In the generative model
there exists a unique probability distribution relating all actions, in contrast with
the reactive model where there exists a probability distribution for each action.
The stratiﬁed model is similar to the generative, but capturing the branching
structure of the pure probabilistic choices made by a process. The ﬁrst two
models have been considered in many papers, while there have not been too
much work over the stratiﬁed model (maybe because of its inherent complexity).
In this paper we use a generative interpretation of probabilities because is more
expressive as well as simpler than the reactive interpretation. Although these
two concepts may seem contradictories, in this case we will show that they are
not.
Regarding simplicity, from the operational point of view the (probabilistic)
choice operators immediately induce a unique distribution of probability, just
multiplying the probabilities associated with the actions of each component by
the corresponding probability parameter of the choice. This is not so direct in
the reactive model, because we must manage several probability distributions
(see [vGSS95]).
Regarding expressiveness, any process speciﬁed using the reactive model can

be translated to the generative model. For example, let us suppose that we want
to specify a system such that if ai is pressed then there exists a (local for each
ai ) probability distribution leading to several processes. This purely reactive
process can be easily speciﬁed in the generative model by the process (using
general summations as in [vGSS95])
1 
1 
1 
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[pi ]a2 ; Pi + · · · + [ ]
[pi ]an ; Pi
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where we only need to add the (artificial ) factor [ n1 ]. On the contrary, a process
like a +p b which relates the probabilities associated with a and b cannot be
speciﬁed using a reactive model (i.e. in the reactive model, a +p b and a +q b are
equivalent). Moreover, from the testing point of view the reactive model can be
seen as a particular case of the generative model. Following the intuitive and well
known black box analogy [Mil89] where processes are described as black boxes
with buttons, we can consider that in the reactive model the environment cannot
oﬀer more than one action simultaneously, i.e. only one button can be pressed,
which leads tests to be just traces. In the generative model, several buttons
can be pressed simultaneously, and with diﬀerent strengths, leading tests to be
general processes (see [NdF95] for a more extended explanation). There exists
another reason for choosing the generative model in a testing framework, and
it has to do with internal actions. For example, in the generative model the
meaning of a process like P = a +p τ ; P  is that if the environment oﬀers a then
P executes it with a probability p, while with a probability 1−p, P evolves by an
internal transition. But it is not so clear the intuitive meaning of this process in
the reactive model because, as the model says, there does not exist a probabilistic
relation between diﬀerent actions. So, what is the probability with which this
process executes a? If we would answer “p” then we are recognizing a relation
between diﬀerent actions. If we answer “1 but maybe a is not executed”, which
is possibly the most accurate answer, then the answer is even more obscure.
Concluding, our model presents a compromise between generality and simplicity, that is, we try to get a model as general as possible to properly specify
real systems, but, once ﬁxed a level of generality, we make decisions as simple
as possible to obtain a tractable mathematical model. For example, we consider
that actions are available at a single instant of time, a{t}, because the model
described is as powerful as if we would have deﬁned that actions are available
during a ﬁnite interval of time. The case also applies to the deﬁnition of d()
(which could not only depend on the action but also on the process or on the
environment), or to the parallel operator, or even to the set itself of operators
which could be enlarged with derived ones to improve the expressiveness of the
language.
The rest of the paper is structured as follows. In Section 2 we present our
language, namely PTPA . For this language we deﬁne an operational semantics,
and the induced testing semantics where we give a notion of a process passing
a test with a certain probability. Our operational semantics has not transitions
labeled with a probability, but the probabilistic information is recorded using

a transition probability function. Section 3 is the most technical part of the paper and presents an alternative characterization of the testing semantics, which
allows to decide if two processes are (testing) equivalent looking at their operational structures. This alternative characterization will be based on a special
kind of probabilistic-timed traces. In Section 4 we present our conclusions and
some lines for future work.

2

The PTPA Language

In this section we concrete all considerations above in the syntax of our language
and in the deﬁnition of the operational semantics. Later, we will deﬁne how a
process passes a test and the induced testing equivalence.
2.1

Syntax and Operational Semantics of PTPA

We consider the set of actions Act, an special action τ ∈
/ Act representing an
internal action, the discrete time domain T previously deﬁned, and a set of
identiﬁers Id; e will usually denote a generic action in Act ∪ {τ } while a will
usually denote a generic action in Act.
Definition 1. The set of PTPA processes is deﬁned as the set of expressions
given by the following BNF-expression:
P ::= stop | X | wait(t); P | e{t} ; P | P +p P | P A P | P \A | rec X. P
where p ∈ (0, 1), e ∈ Act ∪ {τ }, t ∈ T , A ⊆ Act, and X ∈ Id.
From now on we will concentrate only in closed expressions (i.e. without
free variables) and with guarded recursion (i.e. any occurrence of a variable is
preﬁxed by any, visible or not, action). For the sake of clarity we will omit trailing
occurrences of the process stop. As we said in the introduction, we consider that
the execution of an action takes time. So, we have a function d : Act∪{τ } −→ T ,
such that d(e) = t means that the action e takes time t for its execution; without
loosing any generality, we suppose that the duration of the internal action τ is
one clock cycle, i.e., d(τ ) = δ.
In order to assign meaning to the syntactic terms we will deﬁne an adequate
operational semantics. We consider two kinds of transitions. The meaning of an
e
action transition P −−→ P  is that the process P executes e, becoming P  . In the
e
e
following, we use P −−→ as a shorthand for  ∃e, P  : P −−→ P  and P −−→ as a
e
t
shorthand for  ∃P  : P −−→ P  . The meaning of a time transition P ::; P  is

that P behaves as P after an amount of time equal to t, which is always greater
t
t
than zero. Moreover, P ::; stands for  ∃P  : P ::; P  , and :;∗ denotes
t
the reﬂexive and transitive closure of :;, that is P ::;∗ P  iﬀ there exist
t1

tn

tn+1

P1 , . . . , Pn and t1 , . . . , tn , tn+1 such that P ::; P1 · · · ::; Pn ::::; P  ,

0
and t = ti . If t = 0 then we have P ::;∗ P .

t>0

(STOP )
e∈Act∪{τ }

(PRE1 )

t

stop ::; stop
(PRE2 ) e∈Act∪{τt} ∧ t>0
e{t+t };P ::; e{t };P

Act
(PRE3 ) t <t ∧ a∈
t

a{t };P ::; stop

e

e{0};P −
−→ wait(d(e));P

e

P−
−→ P 

(DEL1 )

e

P−
−→ P 

e

P +p Q−
−→ P  , Q+p P −−→ P 
e

(PAR1 )

e

P−
−→ q P  ∧ e∈A
/

P A Q−
−→
e

(PAR2 ) P −−→ P



P 

AQ

t

wait(t +t);P ::; wait(t );P
t
P ::; P 
(DEL3 )
t+t
wait(t );P :::; P 
t
t


(CHO2 ) P ::; P t∧ Q ::; Q
P +p Q ::; P  +p Q

e

(CHO1 )

t>0

(DEL2 )

e

wait(0);P −−→ P 

t

e

, QA P −
−→ QA

P

t

(PAR3 ) P ::; P t∧ Q ::; Q
P A Q ::; P  A Q




e

∧ Q−
−→ Q ∧ e∈A∪{τ }
e

P A Q−
−→ P  A Q

e

/
(HID1 ) P −−→ Pe ∧ e∈A
P \A−
−→ P  \A
a



(HID3 )

P

t

::; P 

a

∧ ∀a∈A: (P −−
→ ∧ ∀P  ∀t <t: (P
t

t

a

::; P  ⇒P  −−→ ))

P \A ::; P  \A

(HID2 ) P −−→ Pτ ∧ a∈A
P \A−
−→ P  \A


e

−−→ P
(REC1 ) P {rec X. P /X}
e
rec X. P −−→ P 



t

(REC2 ) P {rec X. P /X}t::; P
rec X. P ::; P 



Fig. 1. Operational Semantics of PTPA .

The operational semantics is given in Figure 1. The rules appearing in the
left column deal with action transitions, and they are similar to those of a classical (without time or probability) process algebra. Diﬀerences appear in rules
(PRE1 ), (DEL1 ), and (PAR2 ). (PRE1 ) indicates that an action e can be executed only if its time parameter is 0, and that this execution takes time d(e),
and so, the continuation of the process must be delayed this amount of time.
(DEL1 ) just indicates that a delayed process can execute actions only if the
delay has been consumed. Finally, in (PAR2 ) we allow the synchronization not
only in the actions belonging to the synchronization set A, but also in τ , as
in [CSZ92, YCDS94]. Note that τ ’s can also be executed without synchronization (rule (PAR1 )).

Example 1. Let P = (a{0} ; P1 +p τ {0} ; P2 ) {a} (a{0} ; P3 +q τ {0} ; P4 ). Then,
P has the following transitions:
a

τ

• P −−→ (wait(d(a)); P1 ) {a} (wait(d(a)); P3 )
• P −−→ (wait(δ); P2 ) {a} (wait(δ); P4 )
τ
• P −−→ (wait(δ); P2 ) {a} (a{0} ; P3 +q τ {0} ; P4 )
τ
• P −−→ (a{0} ; P1 +q τ {0} ; P1 ) {a} (wait(δ); P4 )

Now, we will brieﬂy explain the rules appearing in the right column (i.e. rules
dealing with time transitions). (STOP ) indicates that the process stop can idle
forever. (PRE2 ) indicates that a preﬁx operator can consume any amount of time
less than or equal to its associated parameter, while (PRE3 ) indicates that if
there is a passage of time greater than the parameter associated with an (visible)
action then the process becomes stop. Let us note that this rule cannot be applied
if the action is τ , and so we get that internal actions are urgent, according with
the usual meaning in timed process algebras. (CHO2 ) and (PAR3 ) indicate that,
in order to get a time transition from the composition, both components must
evolve simultaneously by a time transition. (HID3 ) is usually included in timed
process algebras for assuring the urgency of hidden actions. Intuitively, this rule
means that a process P \A cannot evolve by a time transition labeled by t if
there exist t < t and a ∈ A such that a can be executed at time t .
Since the rule (HID3) has a negative premise we have to provide a way to
guarantee that the generated transition system is consistent. This is achieved
by deﬁning a stratification, as detailed in [Gro93]. We consider the following
t
function f (P ::; Q) = t, that is indeed a stratiﬁcation. Now, we present
some interesting results showing that the operational semantics maintains some
good time properties. The proof of the following proposition is easy from the
operational semantics.
Proposition 2. For any PTPA process P , t, t ∈ T , the following hold:
t
t
Time determinism: (P ::; P  ∧ P ::; P  ) ⇒ P  is syntactically identical

to P .
t+t
t
t
Time additivity: (P ::; P  ∧ P  ::; P  ) ⇒ P :::; P  .
t

t

t −t

Time closure: 0 < t < t ⇒ (P ::; P  ⇒ ∃P  : P ::; P  :::; P  )
Finally, given that our actions take time to be executed, and that we are
working within a discrete time domain, there do not exist Zeno processes in
our language, that is, processes which can execute an inﬁnite number of actions
within a ﬁnite time.
Let us remark that we have not included any probabilistic information in the
operational transitions and, obviously, we need to get this information in some
way, for example, in order to diﬀerentiate the processes a{0}+p b{0} and a{0}+q
b{0}, (p = q). To record this information we will use a transition probability
function μ, as it is done in [SS96, CLLS96]2 . This approach has (at least) two
2

The way of deﬁning a transition probability function is not exactly the same in
these papers. Our deﬁnition follows [CLLS96], but considering recursive processes
like in [SS96].

advantages. First, probabilistic information is separated from purely operational
behavior of processes. Second, and more important, it elegantly solves the well
known problem3 of deriving the same (probabilistic) transition several times.
Example 2. Let P = a{0} + 12 a{0}. If no care is taken, and considering set of
a

transitions, we would only derive P −−→ 12 stop, instead of the desired result
a

P −−→ 1 stop.

Definition 3. The transition probability function μ : PTPA × Act ∪ {τ } ×
PTPA −→ [0, 1] is deﬁned at the least ﬁxed point of the recursive equation
μ = P(μ), where P is deﬁned as:
P(μ)(stop, e, R) = 0


P(μ)(wait(t); P, e, R) =


P(μ)(a{t} ; P, e, R) =
P(μ)(P +p Q, e, R) =

P(μ)(P A Q, e, R) =

μ(P, e, R) if t = 0
0
otherwise
1 if t = 0 ∧ a = e ∧ R ≡ P
0 otherwise

p
ν+ (P,Q,p)

· μ(P, e, R) +

1−p
ν+ (P,Q,p)

⎧
μ(P,e,P  )·μ(Q,e,Q )
⎪
⎪ ν (P,Q,A)
⎪
⎪
⎪
⎪
⎪
⎪
μ(P,e,P  )+μ(Q,e,Q )
⎪
⎪
⎨
ν (P,Q,A)

· μ(Q, e, R)
if e ∈ A ∪ {τ } ∧ R ≡ P  A Q
if e ∈
/ A ∪ {τ } ∧ R ≡ P  A Q
∧ (P ≡ P  xor Q ≡ Q )

⎪
μ(P,τ,P  )·(1−μ(Q,τ ))+μ(Q,τ,Q )·(1−μ(P,τ ))
⎪
⎪
if e = τ ∧ R ≡ P  A Q
⎪
ν (P,Q,A)
⎪
⎪
∧ (P ≡ P  xor Q ≡ Q )
⎪
⎪
⎪
⎪
⎩
0

⎧

⎨ μ(P,
 e, R )

otherwise

if e ∈
/ A ∪ {τ } ∧ R ≡ R \A
μ(P, e , R ) if e = τ ∧ R ≡ R \A
P(μ)(P \A, e, R) =

⎩ 0 e ∈A∪{τ }
otherwise




P(μ)(rec X. P, e, R) = μ(P {rec X. P/X}, e, R)

where ≡ denotes syntactic identity of processes, ϕ xor
ψ means that either ϕ
holds or ψ holds but not both of them, and μ(R, e) = R μ(R, e, R ).
Intuitively, μ(P, e, Q) computes the probability with which the process P
can execute the action e becoming Q. In the deﬁnition of μ appear two auxiliary
functions: ν+ and ν . The ﬁrst function computes the probability of executing
actions at time 0 by both components of a choice (multiplying these probabilities
3

Other solutions to this problem are to index transitions (e.g. [GJS90]), to increment
the number of operational rules (e.g. [LS91]), or to consider multisets of transitions
(e.g. [NdFL95, NdF95]).

by p and 1 − p respectively). This function is used to avoid processes being substochastic. In our model, the sum of the probabilities associated with the actions
that the process can execute is either 0, if the process can execute no action, or
1. Formally,




ν+ (P, Q, p) = p ·

μ(P, e, R ) + (1 − p) ·

R ,e

μ(Q, e, R )

R ,e

The following example illustrates the kind of problems we avoid with this function.
Example 3. Let us suppose that our deﬁnition of μ for the choice operator were
P(μ )(P +p Q, e, R) = p · μ (P, e, R) + (1 − p) · μ (Q, e, R)

Let P1 = e{0} + 21 stop. Then, μ (P1 , e, stop) = 12 , while we would like to
obtain 1. In particular, the unit law P +p stop ≈ P would not hold. Moreover,
let P2 = e1 {0} + 21 e2 {1}. Again, μ (P2 , e1 , stop) = 12 , while this probability
should be equal to 1, because the only action that P2 can execute at time 0 is
b1 .
The function ν is the normalization function used in most probabilistic models having a notion of parallel composition (i.e. a parallel operator, or the parallel composition of a process and a test; e.g. [Chr90, CSZ92, YCDS94, NdFL95,
NdF95]). This function computes the sum of the probabilities associated with
the actions that the composition can execute, that is, in our case it computes the
sum of the probabilities appearing in the ﬁrst three branches of the deﬁnition
of μ for the parallel composition. Given that we allow the synchronization in τ ,
our normalization factor will be similar to that in [CSZ92, YCDS94], but considering that the synchronization set is not forced to be the whole set of actions
Act. Formally,


ν (P, Q, A)=



R,(e∈A)
/

−

(μ(P, e, P  ) · μ(Q, e, Q ))

(μ(P, e, R) + μ(Q, e, R)) +

P

μ(P, τ, P  ) ·



P  ,Q ,(e∈A)

μ(Q, τ, Q )

Q

While the intuition behind the deﬁnition of μ is clear for most of the cases, we
will explain the deﬁnition for the parallel operator. The ﬁrst branch computes the
probability of executing actions belonging to the synchronization set or being
τ , and it considers the product of the corresponding probabilities associated
with P and Q. The second branch captures the probability of P or Q executing
an action not belonging to A ∪ {τ }. Finally, the third branch deals with the
possibility of executing τ without synchronization (remember that we allow to
synchronize in τ as well as to execute τ in an interleaving manner). In this case,
the probability will be the product of the one associated with the executed τ
and the probability with which the other process does not execute τ . Note that
if a process only can execute τ , then the other one is not allowed to executed its
τ ’s in an interleaving manner. Let us remark that in the last two branches only
one of the processes evolves while the other one does not change (because of the
clause P ≡ P  xor Q ≡ Q ).

Once μ has been completely deﬁned we must show that it has been well
defined, that is, that the least ﬁxed point actually exists. We follow a similar
reasoning to [SS96]. First, [0, 1] is a cpo under the usual ordering, and this ordering induces a pointwise ordering on the set of all functions μ taking triples
(P, e, R) to [0, 1], so that this set also is a cpo. Now, it is easy to prove that
P is a continuous mapping from this cpo to itself, so that the least ﬁxed point
exists, and can be characterized using ﬁnite approximations. That is, let μ0 be
the identically zero function, and for any i ≥ 0 let μi+1 = P(μi ), and then,
μ = sup0≤i μi . Moreover, the function μ is indeed a probability distribution
function, as the following result states.

Lemma 4. Let P be a PTPA process. Then, R,e μ(P, e, R) ∈ {0, 1}.
Proof: Similar to that in [SS96], considering that we do not have sub-stochastic
processes, and so, our sum is either 0 or 1, while their sum belongs to the interval
[0, 1].


We ﬁnish this section with a result, whose proof is easy by structural induction, showing that all the operational rules not dealing with time and with a
probability greater than zero of execution are inferable from the deﬁnition of μ.
a

Lemma 5. Let P be a PTPA process. If μ(P, a, P  ) > 0 then P −−→ P  .
2.2

Testing Semantics

Observational equivalence is intuitively described as follows: two processes are
equivalent if an external observer cannot distinguish them by registering their
responses to the same stimuli. In the testing framework the agents which play a
role in the observational equivalence are formally described: the possible behaviors of the observer, that is, the diﬀerent stimuli the observer oﬀers, are modeled
by the set of tests; the experiment itself is modeled by the interaction system
between the process and the observer (tests); this interaction system gives a
response which we have to judge to be successful or not; ﬁnally, two processes
are deﬁned to be testing equivalent if for every test the interpretation of the
responses of both interaction systems (processes and test) are the same.
In this section we present our model of testing, namely, the set of tests, the
interaction systems, a measure of success with respect to a given test and, ﬁnally,
the testing equivalence.
A test is just a process where the alphabet has been extended with a new action ok ∈
/ Act, which indicates successful termination of the test. As in [LdFN96],
we consider that the successful termination event ok is urgent (like the action
τ ). So, the operational semantics given in Figure 1 must be extended with the
following rules:
(SU C1)

ok

ok {0} ; T −−→ wait(d(ok ))T

(SU C2)

t>0
ok {t +

t }

t

; T ::; ok {t } ; T

Now, we will deﬁne the way a process and a test interact. This deﬁnition will
be based on the classical testing semantics by Hennessy [Hen88], where we have

to take into account time and probabilistic informations. Testing is performed
by studying the computations of the process that is obtained by composing in
parallel a test with the tested process, taking as synchronization set the full set
of actions (i.e. ok is not included). Test application will be represented by P | T,
and is formally deﬁned as follows:
P | T = (P Act T )\Act

Now, we must deﬁne when a test has been successfully passed as well as the
probability with which a process passes a test.
Definition 6. Let P be a process and T be a test. We call computations to the
(possibly inﬁnite) sequences of transitions from S0 = P | T of the form
t1

e1

t2

e2

tn

en

C = S0 ::;∗ S1 −−→ S1 ::;∗ S2 −−→ S2 · · · :::;∗ Sn −−→ Sn · · ·
ok

We say that a computation is successful, if there exists n such that Sn −−→,
ok

and such that for all 1 ≤ i < n, Si −−−→ . In this case, we say that length(C) = n.
Note that if C is a successful computation, then all the ei ’s are τ ’s, but the last
one.
Given a successful computation C, such that length(C) = n, we deﬁne the
n−1
0
probability of executing C as P r(C) = i=1 μ(Si , τ, Si ) (we consider i=1 μ(Si , τ, Si ) =
1).
We will denote by C̃P | T the set of successful computations starting from
P | T . Finally, we say that P passes T with a probability equal to p, denoted by
P pass p T , if

P r(C) = p

C∈C̃P | T


Let us remark that P pass p T iﬀ p = limn→∞ C∈C̃P | T {P r(C)|length (C) <
n}. The previous deﬁnition induces the corresponding notion of testing equivalence.
Definition 7. (Testing Equivalence)
Let P, Q be PTPA processes. We write P ≈T Q iﬀ ∀ T : P pass p T
Q pass p T .

⇐⇒

There have been quite a number of equivalence deﬁnitions in process algebra
literatura, but they all try to capture observational equivalence, quoting from
Milner [Mil89], “the behavior of a system is exactly what is observable, and to
observe a system is exactly to communicate with it”. Provided that the intended
meaning of the τ action is that of an internal action, this action cannot be seen
by the environment, so the processes τ ; a ; stop and a ; stop have to be equivalent
according to the deﬁnition of observational equivalence. That is the case, for
example, in CCS w.r.t. weak bisimulation. As we mentioned in Section 1, some
testing probabilistic models do not verify τ ; a ; stop ≈ a ; stop. We think that
this problem, and others which have to do with equivalences, can be solved
if we mix time and probabilities into a process algebra. The reason is that if

we enlarge the syntax of the language we can specify with more precision the
behavior of processes and, consequently, the equivalence classes can be more
exactly delimited. In our model a{0} ≈T τ {0};a{0} because the test a{0};ok {0}
is passed with probability 1 by the ﬁrst process but it is not passed for the second
one. Now we have an intuitive reason for this result: τ takes time δ to execute.
Nevertheless, now we also have equivalences like τ {0} ; a{0} ≈T a{δ}.
We conclude this section by showing that the set of tests can be reduced, but
conserving the testing equivalence, resulting that inﬁnite tests are not necessary.
Lemma 8. Let P, Q be processes. If there exists a recursive test T such that
P pass p T , Q pass q T , and p = q, then there exists a ﬁnite test T  (i.e. without
occurrences of the recursion operator) such that P pass p T  , Q pass q T  , and
p = q  .
Proof: Let 
T be a recursive test such that P pass
p T , Q pass q T , and p = q. So,
{P r(C) | length (C) < n} = lim

p = lim

n→∞

{P r(C) | length(C) < n} = q

n→∞

C∈C̃P | T

C∈C̃Q | T

If these two limits are diﬀerent, then there exist n0 such that for all n ≥ n0 we
have


{P r(C) | length(C) < n} =

C∈C̃P | T

{P r(C) | length(C) < n}

C∈C̃Q | T

Now, we consider the ﬁnite test T  resulting from T by unwinding n0 times every
occurrence of recursion in T , and then replacing any occurrence of recursion by
stop. Given that T  simulates the ﬁrst n1 transitions of T (for some n1 ≥ n0 ),
and so P |T  (resp. Q|T  ) simulates, at least, the ﬁrst n1 transitions of P |T (resp.
Q | T ), we get that the probability with which P and Q pass T  are diﬀerent. 


3

Alternative Characterization

In this section we present an operational characterization of the relation ≈T .
This alternative characterization will be based on the sequences of actions that
processes can execute, together with some additional information. As in other
probabilistic and/or timed models we have to consider not only sequences of
actions but also the states where these actions are executed. In our model,
a probabilistic-timed state, which is a generalization of the classical notion of
state [Hen88], represents a local conﬁguration of a process and it contains the
actions that a process can execute in such conﬁguration. As we are considering a
probabilistic-timed process algebra, each action has also information about the
time when it is executed as well as the probability with which is executed.
Definition 9. A state is a set A ⊆ Act
× T × (0..1] such that for any t ∈ T the
sum of the probabilities at such time {| p | (a, t, p) ∈ A |} is either 0 or 1.
As we said previously, traces will not be just sequences of actions because
we have to remember the diﬀerent states during the execution of actions by a
process. Nevertheless, we only need to consider those states whose actions can
be executed before the corresponding action in the trace (last condition in the
following deﬁnition).

Definition 10. A trace is a sequence (A1 , a1 , t1 )(A2 , a2 , t2 ) · · · (An , an , tn ) where,
–
–
–
–

n ≥ 0; if n = 0 we have the empty trace denoted by .
For all 0 ≤ i ≤ n, Ai is a state, ai ∈ Act and ti ∈ T .
For all 0 ≤ i ≤ n, there exists p such that (ai , ti , p) ∈ Ai .
For all 0 ≤ i ≤ n, and for all (a , t , p ) ∈ Ai we have t ≤ ti .

In order to deﬁne the traces of a process, ﬁrst we deﬁne some auxiliary concepts.
Definition 11. Let P be a process. We deﬁne the set of immediate available
μ(P,a)
probabilistic-timed actions as S (P ) = (a, 0, p) | μ(P, a) > 0 ∧ p = 1−μ(P,τ
) .


Let A be a state, and t ∈ T . We deﬁne (A + t) = {(a, t + t , p) | (a, t , p) ∈ A}.
S (P ) is the set of actions that the process can execute at time 0, but dividing
the associates probabilities by 1 − μ(P, τ ), so the sum is equal to 1 (or 0 if there
do not exist visible actions). The state A + t represents the state A but adding
t units of time.
s

Definition 12. Let P, Q be processes. We inductively deﬁne P ==⇒ p P  as
follows:


– P ==⇒ 1 P .
(S(P ),a,0)·s
s
– If p = μ(P, a, P  ) > 0 and P  ==⇒ q Q then we have P =========⇒ p Q,
where p = q(1 − μ(P, τ ))

p
μ(P,a)

.
(A,a,t)·s

– If p = μ(P, τ, P  ) > 0 and P  ======⇒ q Q then we have the transitions
((S (P )∪A),a,t)·s

s

P ==⇒ pq Q and P ===========⇒ (1−p)q P  .
t0

(A,a,t)·s

t0

– If P ::; P  ======⇒ q Q and the transition P ::; P  is maximal4 with


(A ,a,(t+t0 ))·s

respect to (A, a, t) · s, then P ==========⇒ q P  where A = (A + t0 ) ∪

t
{S(R) | P ::; R}.
t <t0
s

P ==⇒ p P  is the extension of →
− and μ() to traces, and computes the probability
with which P executes the trace s reaching P  . Now we should deﬁne the traces
of a process, but as we are working with a probabilistic (timed) process algebra,
it is enough to deﬁne the probability with which the process executes the trace.
Definition 13. Let P be a process and s be a trace.
 We deﬁne thes probability
with which the process P executes s as μtr (P, s) = {| p | ∃Q : P ==⇒ p Q |}
To illustrate the above deﬁnitions, consider the following example.
Example 4. Let P = (b{0} ; Pb ) + 17 (a{0} ; Pa1 + 31 (a{0} ; Pa2 + 34 τ {0} ; c{0} ; Pc )).
This process has the following transitions:
b

P −−→ wait(d(b)); Pb μ() = 17 ,
a
P −−→ wait(d(a)); Pa1 μ() = 27 ,
4

τ

P −−→ wait(d(τ )); c{0} ; Pc μ() = 17 ,
a
P −−→ wait(d(a)); Pa2
μ() = 37 .
τ

It cannot be extended, i.e., t = 0 or there exists P  such that P  −−→ P 

So we have μ(P, a) =
transitions

5
7,

(A,b,0)

P =====
⇒ 6 wait(d(b)); Pb ,
7

where A = {(a, 0,

1
7

μ(P, b) =

and μ(P, τ ) =

(A,a,0)

1
7.

P =====
⇒ 6 · 2 wait(d(a)); Pa1 ,
7 5

5
1
6 ), (b, 0, 6 )}.

And then we have the
(A,a,0)

P =====
⇒ 6 · 3 wait(d(a)); Pa2 ,
7 5

Thus we have

μtr (P, (A, b, 0)) =

6
7

and

μtr (P, (A, a, 0)) =

6
.
7

Finally we have
d(τ )

c

wait(d(τ )); c{0};Pc :::; c{0};Pc −−→ P

c

so we have the transitions



{(c,d(τ ),1)}cd(τ )

wait(d(τ )); c{0};Pc ===========⇒ 1 Pc ,



{(c,d(τ ),1)},c,d(τ )

and

7


so μtr (P, {(c, d(τ ), 1)}, c, d(τ ) ) =



A∪{(c,d(τ ),1)},c,d(τ )

P ==============⇒ 1 Pc



so

1
7

P ===============⇒ 6 Pc ,
7




and μtr (P, A ∪ {(c, d(τ ), 1)}, c, d(τ ) ) =

6
7

Deﬁnition 13 induces an equivalence relation between processes:
Definition 14. Let P and Q be processes, we deﬁne
P ≈S Q

⇐⇒

∀s : μtr (P, s) = μtr (Q, s)

Next, we will prove the equivalence between ≈S and ≈T . First we have
Proposition 15. Let P and Q be processes such that P ≈S Q and let T be a
ﬁnite test, then P pass p T iﬀ Q pass p T .
Proof: The proof is made by structural induction on the test.


As a corollary, we have P ≈S Q ⇒ P ≈T Q since inﬁnite tests are not necessary (see Lemma 8). In order to prove the other implication, we recall a result
from [Núñ96] (a similar result can be found in [YCDS94]):
Lemma 16. Let f and f  be two rational functions of n ≥ 0 variables x1 , x2 . . . xn ,
deﬁned as follows:


ci
ci
f =
f=
n
n


i∈I 1 +
i ∈I  1 +
dj,i · xj
dj,i · xj
j=1

j=1

where I, I  are ﬁnite sets of indices; ci , ci > 0, and for each distinct r, s ∈
I, the tuples (d1,r , d2,r , . . . , dr,r ) and (d1,s , d2,s , . . . , dr,s ) are distinct; and for
each distinct r, s, ∈ I  , the tuples (d1,r , d2,r , . . . , dr,r ) and (d1,s , d2,s , . . . , dr,s ) are
distinct. If f = f  , then there exists a bijection h : I −→ I  such that dj,i = dj,h(i)
and ci = ch(i) for all i ∈ I and 1 ≤ j ≤ n.
We will also need the following result whose proof is easy by transition induction.
Lemma 17. Let P be a process, A be a state, and t = max{t | ∃(a , t , p ) ∈
A} < ∞. Then, (a1 , t, p1 ), (a2 , t, p2 ) ∈ A =⇒ μtr (P, (A, a1 , t)) = μtr (P, (A, a2 , t)).

For instance, in Example 4, A = {(a, 0, 56 ), (b, 0, 16 )}, t = 0 and μtr (P, (A, a, 0)) =
μtr (P, (A, b, 0)) = 67 .
Proposition 18. Let P, Q be processes and s be a trace such that μtr (P, s) =
μtr (Q, s). Then there exists a test T such that P pass p T and Q pass q T , with
p = q.
Proof (sketch): We present the proof only for s having length 1. For a longer
trace the argument is very similar, considering tests for any step of the trace.
Let S be the set of actions appearing in P and Q, i.e. S = {a1 , . . . , an }. Let t ∈ T
the minimum time satisfying that there exists a state A, and an action a such
that μtr (P, (A, a, t)) = μtr (Q, (A, a, t)). Let us consider the set of all possible5
states made up of S until time t, A = {A1 , . . . , Am }. For any Ai , let us take
ti = max{t | ∃(a , t , p ) ∈ A} < t. By Lemma 17 we can take
pk = μtr (P, (Ak , a , tk ))

and qk = μtr (P, (Ak , a , tk ))

for any a ∈ Act such that there exists pk satisfying (a , tk , pk ) ∈ Ak . Then, for
any 1 ≤ i ≤ m, 1 ≤ j ≤ n and 0 ≤ t ≤ t we take


p if (aj , t , p) ∈ Ai
ptij =
.
0 otherwise






t
For any 0 ≤ t ≤ t let us consider a probability distribution r1t , . . . , rnt , rn+1
,
and then consider the tests
⎧
n+1
⎨ stop if 1 ≤ i ≤ n
 
[rit ]ei {0}; Ttδ where Ttδ = Tt +δ if i = n + 1 ∧ 0 ≤ t < t
Tt =
⎩
i=1
ok
if i = n + 1 ∧ t = t

where en+1 = τ and ∀ 1 ≤ i ≤ n : ei = ai ∈ S. Then we have P pass p T and
Q pass q T with
p=

m
0

pk · rn+1
· pt (δ, k)
n t t
0
r
+
i=1 ri · pki
k=1 n+1

where
pt (t , k) =

and q =

m
0

qk · rn+1
· pt (δ, k)
n t t
0
r
+
i=1 ri · pki
k=1 n+1

⎧ t
rn+1 · pt(t + δ, k)
⎪

⎪
⎪
n


 if t < t
⎪
t
⎪
⎨ rn+1 + i=1 rit · ptki
⎪
⎪
⎪
⎪
⎪
⎩



rt
n+1
n



 if t = t
t
rn+1
+ i=1 rit · ptki
Then, after some algebraic manipulations, we can apply Lemma 16, obtaining
p = q.



From the previous result we immediately obtain P ≈T Q ⇒ P ≈S Q. So, by
Propositions 15 and 18 we get the ﬁnal result.
Theorem 19. Let P, Q be processes. Then, we have P ≈T Q iﬀ P ≈S Q.
5

This set is ﬁnite as we are considering only the actions of S and the time domain is
discrete.

4

Conclusions and Future Work

The goal of our research has been to reduce the gap between real-world systems
and models described by process algebras. To reach this goal we aim expressiveness, simplicity and utility.
Expressiveness: we have deﬁned a syntax for a process algebra which deal
with concepts, time and probabilities, which are necessary to properly specify
and verify real-time concurrent distributed systems.
Simplicity: To easily understand the behavior of the processes we have deﬁned
an operational semantics for the syntactic processes. Action and time transitions
are used and, to clearly diﬀerentiate the probabilistic information from the operational one, a probability function which records the probabilistic branching
is used. Then we have followed the intuitive testing methodology to deﬁne an
equivalence between processes.
Utility: To make the equivalence tractable we have deﬁned the (probabilistictimed) traces of a process and we have proved that the induced trace equivalence
characterizes the testing equivalence.
The way we have started to approach process algebra to real systems can be
continued in two directions: A theoretical direction to get a throughly knowledge
about the model, for example, by presenting it from diﬀerent points of view.
In particular, it would be desirable to characterize a congruence relation from
the testing equivalence. Later a denotational semantics, as well as a sound and
complete set of axioms w.r.t. the induced congruence would be given. The second
direction, a practical one, by enlarging the syntax of the language with derived
operators from the basic ones and by implementing tools using the theoretical
background we are developing.
Acknowledgments. We would like to thank Scott A. Smolka who suggested
us to use a transition probability function and provided us with [SS96].
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